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ABSTRACT

A new dynamic k-d data structure (Supporting insertion and deletion) labeled the k-d
Search Skip List is developed and analyzed. Thé time for k-d semi-infinite range search on
n k-d data points without space restriction is shown to be Q(klog 1) and Oz + t), and there
is a space-time trade-off represented as
(log T’ + log log n) = Q(n(log n)*®), where 8 = 1 for k=2, 6 =2 for k >3, and T" is the
scaled query time. The dynamic update time for the k-d Search Skip List Iis O(klog n).

We consider the problem of reporting all points in a positive half-space 4* (bounded
by a query hyper plane h) from a set F of n points in k-dimensional space E*; that is, find
and report Sn4". Previous dynamic solutions (supporting insertion and deletion of points)
are simplified, and the previously best known dynamic update time is improved. For
t= S 4" we show that with O(knlog n) preprocessing time and ©(kr) space, the k-d half-
space searching problem can be solved in O(kn) time with dynamic update time of Oklog
n).

Experimentally for a random data set of 100,000 points, an average of 1048
milliseconds was required to report 50,000 points in range for a 10-d orthogonal range
search; about 800 milliseconds was required to report 50,000 points in range fﬁr a 10-d
semi-infinite range search; and 106 milliseconds was required to report 50,000 in range for

a 10-d half-space range search.
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Chapter 1
INTRODUCTION

Multi-attribute data can be referred to as multi-dimensional (or k-d) data as each
attribute can be viewed as a separate dimension of a k-dimensional space. The capability to
store, retrieve and search for k-d data is a fundamental component of maﬁy computer
information systems. The problem of k-d range search is important in itself (having
applications in such areas as computer graphics, database management systems,
computational geometry, pattern reco gnition, statistics, design automation, and geographic
information systems). In addition, k-d range search serves as a representative of the entire
class of multi-attribute searching problems.

The problem is not as obvious as it may first seem. The collection of records may be
preprocessed to achieve a balance between the storage utilized and the time required to
answer a query. There is an extensive literature (e.g. Bentley and Fredman [1979]) on
algorithms for range query, and the space and time requirements have traditionally been used
as performance measures for such algorithms. We also know there is a (storage) space -
(retrieval) time tradeoff for orthogonal range search on a static database [Vaidya, 1989].
Today’s applications require a dynamically updatable database and thus any index structure
for the database must also allow fast dynamic updates to ensure feasibility. These
interdependent requirements imply that the design of a dynamic data structure for efficient
k-d range search is difficult and often unintuitive,

Upper bounds on the worst case search time, update operations, and storage
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requirement are important in order to know that a structure is feasible for use. A storage
requirement of O(n”) is excessive for large n, where n is the number of data points in the
structure, or there may not be enough storage space for the structure when the data set is
large. The k-d range search time must be O(kn), otherwise the structure provides no
improvement over an unstructured brute force search. The same holds true for the time
required for dynamic updates; otherwise the structure would have to be rebuilt with each
insertion and deletion and such a structure is not considered dynamic.

Implementablé structures do exist which provide for efficient k-d range search in a
dynamic environment. These include dynamizations of the k-d range tree of Bentley[1980a]
and the k-d Range Deterministic Skip List (k-d Range DSL) of Lamoureux[ 19961, Although

efficient, they do not meet the lower bound of Q(k log n + t) for range search provided by

the decision tree model.

1.1 Definitions

Range searching is an old-age problem in computer science. We can phrase range
searching in geometric terms; i.e. given a set F of n points in k-d space, we preprocess these
| points into a data structure. After we have preprocessed the points we must answer gueries
which ask for ail points x of F such that the first coordinate of x(x,) is in some range [L,:
H,], the second coordinate x, € {L,: H,], ..., and x, € [L,: H,J. We also can phrase this
problem in the terminology of data bases; i.e. given a file F of n records, each having k keys,

process this file into a database that enables storage, retrieval and range search on the




records. We must then answer queries (normally phrased using Structured Query Language
(SQL)) asking for all records such that the first key is in some specified range, the second
key in a second range, etc. Boolean combinations of range queries over differént attributes
are called orthogonal range queries. A range search is performed to retrieve the records
specified in the query. The intersection of the query ranges is a k-dimensional
hyperrectangle in the space (that is, a “box”), and a range query calls for finding all points
lying inside this hyperrectangle.

To motivate this problem, the classical scenario is to regard the points of S as the
employees of a certain company. The coordinates of the points are important attributes of
the emplyees, such as seniority, age, salary, traveling assigmnents, and legal status, Crucial
to thé proper functioning of the company is the ability to provide fast answers to questions
of the form: “Which senior-level employees are less than x years of age, make more than'y
dollars a year, have been abroad in the last z months, and have never been convicted of a
Criminal Code offense?”. We will often cast range searching in this geometric framework
as an aid to intuition.

Semi-infinite range search asks for all records with key values each within either the
([Ly: Hy], [Ly: ), ..., [Lec ) ), of the ([Ly: Hyl, { =t L], ..., (- %: L] ) mode. We call these
the “Up semi-infinite range search™ and “Down semi-infinite range search”, respectively.
When the conjunction of k semi-infinite range queries on different attributes is required, we
can view each separate attribute as one dimension of a k-dimensional space, and the semi-
infinite range search corresponds to asking for all records (data points) that lie within a k-

dimensional (hyper) rectangular box with (k-1) line segments as boundaries of the data
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space.

For obvious reasons, this is called range searching in report-mode, or more simply,
range reporting. To put this problem in perspective, range reporting refers to the task of
reporting all the points that fali in the searching region. Evaluating the number of the points
falling into the search region is called range counting. Unless noted otherwise, range
reporting is assumed. This implies that many of our Q, O, and © analyses of the range search
cost functions will have an extra term of t which captures the time needed to report the t
records in range.

Five functions normaily portray the cost for range searching on a specific data
structure G that supports range search and dynamic operations on F. They are

| P(n, k) = preprocessing time required to build G,

S(n, k) = stofage space required by G,

Q(n, k) = time required to perform a range search,
as defined in Bentley [1979]. In addition, we also consider the time required to insert a point
into or delete a point from G as we are permitting dynamic updates on our structure. The
cost of these dynamic operations are represented by

I(n, k) = time required to insert a new record in G,

D(n, k) = time required to delete a record from G.

For k=1, let E* denote k-dimensional Euclidean space. We use h* to denote one of
the two open halfspaces bounded by a hyperplane h in E*. An open halfspace h* is called
positive if either h is vertical or h* is the open half-space above b, i.e., h* intersects the
positive vertical axis in a half-line [Haussler, 1987]. A halfspace range search is defined as:

4



given a set F of n points , find and report the points belonging to the form FnR, where Ris
an open halfspace. For example, given a set F of n points in E? and a query hyperplane h,

the halfspace range search problem asks for the retrieval of all points of F on a chosen side

of h (see Figure 1.1).

N - 77 h* (positive)

Figure 1.1 In E?, the line h and the positive halfspace h*.

1.2 Objectives

The objectives of this thesis are stated as follows:

For a set F of n points in k dimensions,

L. review and analyze data structures that permit k-dimensional range search;




2. develop an algorithm to establish an efficient data structure for k-d range search and

determine the asymptotic running times in the worst case;

3. determine the worst case for the semi-infinite range search using a k-d Search Skip
List;
4. determine the lower bound for semi-infinite range search of k-d data points, either

with or without restriction on the space required for the data structure;

5. determine if the k-d Search Skip List can be adapted to half-space range search;

6. perform an experimental verification of the results with large (e.g. n = 10%) randomly
generated data sets,

In the pages that follow, each of the objectives is addressed and an attempt is made
to sufnmarize and unite much of the relevant work in this area. The asymptotic running
times in the worst case for the k-d Search Skip List are determined, and it is shown that the
k-d Search Skip List meets the lower bounds for semi-infinite range search. Also, the k-d
Search Skip List is adapted to half-space range search. An experimental analysis of the k-d

Search Skip List was performed and the results are illustrated and compared in Chapter 6.



Chapter 2
DATA STRUCTURES FOR POINT DATA RANGE SEARCH

This thesis focuses on data structures for orthogonal range queries as defined by
Knuth {1973], semi-infinite range search as defined by McCreight [1985] and half-space
range search as defined by Chazelle and Preparata [1986]. Data structures and algorithms
that support other types of range queries can be found in the excellent survey paper of

Matousek [1994] which illustrates many problems which are of great importance in the field

of computational geometry.

2.1 1-Dimensional Data Structure

‘We first illustrate 1-dimensional data structures that permit range search, as many
of the existing k-dimensional structures are based on multi-dimensional equivalents of -
efficient 1-dimensional data structures.

The simplest 1-dimensional data structure for range search is the unsorted list which
permits a brute force range search of ©(n) time complexity. The list can be sorted to allow
for a range search time complexity of ©(lg n + t), which is executed by performing one
binary search (to locate the first point in range) and listing all points in range.

One may also use a multi-way height balanced search tree known as the B-tree, of
which a good overview may be found in Comer [1979], which allows for a worst case range

search in time O(Ig .0 + t) (Where m is the order of the B-tree), or a deterministic skip list




(DSL), as introduced by Munro et al [1992], which allows range search in the same time |

complexity.

2.2 k-Dimensional Data Structures

Although there are many data structures which facilitate rapid average query time
in k-dimensions, we find that there are relatively few which exhibit good worst case
behavior. In comparison to the 1-dimensional case, there are simple, inefficient structures
that one may use to execute a k-d range search. These include the unsorted list, which
requires @(kn) time to perform a range search, inverted tables, which are composed of k
sorted lists on each of the coordinates and which require @(kﬁ) time to perform a range
search in the worst case (but often require less time in the average case), and cells, which
divide the space up into a number of “boxes” of “blocks™ which are searched separately if
they are partially (or totally) within the desired search range. Cells are no better than
inverted tables for range search in the worst case, but are often better in the average case.
The reader is referred to Bentley [1979] for a more detailed overview of these structures.

Another simple, inefficient approach is that of the multidimensional B-tree of Guting
~ and Kriegel [1980]. Designed specifically for exact match (member) queries, it is no better
than inverted tables for range search in the worst case but may exhibit good average case
performance for uniformly distributed random data sets.

A more sophisticated approach is that of the k-d tree of Bentley {1975] which is the

multidimensional equivalent of the binary search tree. Although no better than inverted




tables in the worst case scenario, the worst case is extremely rare and is O(kn "% + t) which
is guaranteed to be the worst case search time if the given tree structure is height balanced
(and therefore of minimal depth). The advantages of the structure are its ldw storage
requirement, being essentially that of a binary search tree (i.e. ®(kn)), and the fact that
dynamic operations are almost as simple as those of the regular 1-d binary search tree. In the
average case, which is the worst case for a height balanced structure, P(n, k) = O(n lg n) and
U(n, k) = O(Ig n). The drawback of the structure is that a direct implementation does not
support dynamic maintaince of height balance Samet [1990].

An approach that is similar in structure, complexity, and functionality to that of the
k-d tree of Bentley [1975] is that of the K-D-B-Tree of Robinson [1981} which combines
the k-d tree of Bentley with the B-tree (as defined in Comer [1979]). Although a detailed
analysis, to the author’ s knowledge, does not exist in the literature, experimental results
indicate that its efficiency parallels that of the k-d tree.

A good overview of data structures for range searching can be found in
Bentley et al [1979]. The point quadiree of Samet [1990] may also be used for
multidimensional range search and, under the strong assumption of relatively evenly spaced
data, has a worst case range search time of O(kn "*+t ) which is comparable to that of the

k-d tree.

We examine k-d structures that allow for a more efficient (guaranteed) worst-case

search time in the sections that follow.




2.2.1 The Range Tree

The range tree of Bentley and Maurer [1980] is a modified height-balanced binary
search tree which is designed to detect all points that lie in a given range. We briefly review
the range tree data structure and refer the reader to Samet [1990] for a more comprehensive
oveﬁiew.

The 1-dimensional range tree (see Figure 2.1 (a)) is a height balanced binary search
tree where the data points are stored in the leaf nodes which are linked in sorted order by a
doubly linked list (the leaf nodes are threaded). A range search for [L.:H] is performed by
searching the tree for the node with the smallest key > L and then following the links until
reaching a leaf node with a key that is greater than or equal to H For n points, we see that
this procedure takes @(lg n + t) time and uses ®(n) storage.

A 2-dimensional range tree (see Figure 2.1 (b)) is simply a range tree of range trees.
We build a 2-dimensional range tree as follows: we first sort all of the points along one of
the attributes, X, and then store them in a balanced 1-dimensional range tree, T. We then
append to each non-leaf node, I, of the range tree T a range tree T, of the points in the sub-
tree rooted at I where these points are now soried along the other attribute, y. In Figure 2.1
(b), the darkened links connect the range tree T, (which has a primed node as root) in

dimension 2 to the (un-primed) non-leaf node it is rooted at in dimension 1.

10
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Figure 2.1 (a) A l-d range tree (from Samet [1990]).

(90.5)—(50,10}-(85.I5)-{25.35)-(35.40)—(5.45)-{30,65)—{60,7_5\__ B

C
g e ‘ /
(50.30}-(2.5,35}—{35.40)—(5,45} (90,585,155~ 80.65y<60.79
//D\ E F G
/ (5.45}—(25.35}40)—(50,10%—(80.6/%.1/5:}9&51
L& < $
.
(35.35) —(535)  (50.10)35.40) (80,65(60.75) a%@ls)'

Figuré 2.1 (b) A 2-drange tree (from Samet [1990]).
A range search for ([L,/H,], [L,:H,]) is carried out a follows. It starts by searching
the tree t for the smallest key that is = L,, say L,’, and the largest key that is < H,, say H,’.
It then finds the common ancestor of L,” and H,’, Q, that is closest to them and assigns
{PL,} and {PH,} to be the sequences of nodes, excluding Q, that form the paths in T from

Q to L, and H,, respectively.
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Let LEFT(P) and RIGHT(P) denote the left and right children, respectively, of non-
leaf node P. Then, for each P that is an element of {PL;} such that LEFT(P) is also in {PL,},
we perform a 1-dimensional range search for [L,:H,] in the 1-dimensional rangé tree rooted
at node RIGHT(P). For each P that is an element of {PH,} such that RIGHT(P) is also in
{PH;}, we perform a 1-dimensional range search for [L,;H,] in the 1-dimensional range tree
rooted at node LEFT(P). We also check to see if L,” and H,’ are located in the given range.

The above search algorithm can be seen to run in ©(Ig ? n + t) time and the general
search algorithm for k-dimensional range queries, which is extended in a manner that is
analogous to the extension from the 1-d case to the 2-d case, runs in ©(Ig* n + t) time.

The recursively defined k-dimensional range tree has P(ﬁ, k)= 0(n Igk! n) and
S(n, k) = O(n 1g*" n) in the static case and has P(n, k) = @(n 1g¥ n) , S(n, k) = B(n lg*" n),
and U(n, k) =8O(Ig *n) in the dynamic case where an amortized worst case analysis is used.
Dynamizations of the k-d range tree can be found in Lueker [1978], Willard and Lueker,
[1985] and, more recently, in Lamoureux [1996].

The range tree is important for a number of reasons. Not only is it a prime example
of the paradigm of multi-dimensional divide and conquer, introduced by Bentley {19807, but
it is also a prime example of the effective use of a class of transformations which can be
used to add range restriction to an existing data structure for a decomposable searching
problem such as range search [Bentley, 1979]. Thus,' we can build it bottom up starting with
a 1-d range tree structure on the first coordinate or build it top down starting with a k-d data
set and applying the paradigm of multi-dimensional divide and conquer until we reach a 1-d

range tree structure,
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The paradigm of multi-dimensional divide and conquer states that we can solve a
problem of n points in k-space by first recursively solving two problems each of n/2 points
in k-space and then recursively solving one problem of n points in (k-1) spéce. Thus, a
structure which solves a problem using the paradigm stores two structures of n/2 points in
k-space and one structure of n points in (k-1) space.

A given interior node in the range tree is the root of a subtree of m nodes. It has two
children which are the root nodes of range trees that each have approximately m/2 nodes and
it has a pointer to a (k-1)-dimensional tree of m nodes. Another example of the paradigm can
be found in Bentley [1979].

The theory of decomposable searching problems can be.viewed as the dual of the
paradigm of multidimensional divide and conquer. We can add a second range variablé to
a 1-d range tree structure (on onie range variable) by building a range tree structure on the
new variable and attaching to it 1-d range tree structures on the first range variable.

The range tree is a balanced data structure and is optimal for the execution of range
queries in the class of balanced data structures. Also, the static range tree can be derived

from non-overlapping k-ranges, and array-based data structures.

2.2.2 The Priority Search Tree

The priority search tree of McCreight [1985] is designed for solving semi-infinite
range queries of the form ([L,: H,], [L,: «]) in optimal time. For each non-leaf node I of

priority search tree S, we associate the point in the subiree rooted at I with the maximum

13




value for its y coordinate that has not already been stored at a shallower depth in the tree.
It is assumed that no two data points have the same x coordinate; the reader is again referred

to Samet [1990] for the details on the construction of the priority search tree. An example

of a priority search tree is found in Figure 2.2.

S_[~425 {35 F--150 [--{60 }--{80 }-{85 }--90
(45 (2535 (3540) (50.10) (60,75) (80.65) (85,15) (90,5)

Figure 2.2 A priority search tree (from Samet [19907).

The priority search tree requires minimal storage space, having S(n, 2) = ©(n) and
is optimal for semi-infinite range search in two dimensions, i.e. Q(n, 1.5) = &(lg n + t). The
1.5 refers to the fact that only a lower or upper query limit can be specified in the second
dimension, but not both. Dynamic updates are optimal as well, requiring only ©(lg n) time
per update. However, a normal 2-d range query, Q(n, 2), requires O(n) time in the worst
case.

The importance of the structure is that it is the basis and inspiration for the Range
Priority (RT) tree of Edelsbrunner [1981] and the 2-d Search Skip List of Nickerson [1994].

The Range Priority (RT) tree is important as it shaves off a logarithmic factor from the k-d

range query time of the range tree.
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2.2.3 The Range Priority Tree

The range priority tree, called the RT-tree, by Edelsbrunner [1981] is a k-d data
structure designed specifically for k-d range search and it is similar to the range tree of
Bentiey. The structure is optimal for range search in two dimensions, i.e.

Q(n, 2) = B(lg n + 1), and takes advantage of the priority search tree of McCreight [1985]
to achieve its optimality. An example of the range priority tree can be found in Figure 2.3.

An inverse priority search tree is a priority search tree, S, such that with each non-

leaf node, I, of S we associate the point in the subtree rooted at I with the minimum value

for its y coordinate that has not already been stored at a shallower depth in the tree.

A

40 C

10 15 45/\65
AN NN

(25,3550, 10)~85,15)+(90,5) (3.45)35,40460.75)(80.65)

15_

N\ Z\

(90.5) (50,10% {85.15(25.35) (35,40)(5,45) (80.65) (60,73}

Figure 2.3 A 2-d range priority tree (from Samet [19901).
A range priority tree is a balanced binary search tree, T, where all data points are
stored in the leaf nodes and are sorted by their y coordinate values. With each non-leaf node

I'of T which is a right child of its parent we store an inverse priority search tree of the points

15




in the subtree rooted at I ordered on their x coordinate values. With each non-leaf node I of
T which is a left child of its parent, we store a priority search tree of the points rooted in the
subtree of I ordered on their x coordinate values. This scheme allows us to- shave off a

logarithmic factor from the k-d range search time of the range tree for a Q(n, k) of

Odg tn+1) fork=2.

2.24 k-d Skip Lists

Nickerson {1994] has defined a number of k-d skip list data structures for k-d range
search which are built from 1-d deterministic skip lists and similar both in structure and
range query time to inverted tables. As they are not very efficient ;for k-d range search in the
worst case, we do no more than mention them and instead focus on Nickerson’s 2-d search
skip list as it provides an efficient alternative to the priority search tree and is the special
case for the k-d search skip list.

A deterministic skip list is a tree-like structure which has a node structure that
contains (at least) a down pointer, a right pointer, and a data value. We use the following
terms when describing the structure and the associated algorithms. The down subtree of a
| node N consists of all nodes that can be reached by traversing the down pointer of N, except
those nodes reachable by traversing the down pointer of right sibling of N. The leff subtree
of a node N at depth i is composed of all nodes at depth (i +1) in the down subtree of N. The

gap size is defined to be the number of nodes in the leff subtree where we exclude the direct

descendent.
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For example, in Figure 2.4, note that M stands for the maximum key value, and $
stands for the non-value key. The down subtree of the node (140, 37, -30, 41) at level 1
consists of the nodes (14, 41, 41, 41), (31, -30, -30, -30), (104, 2, 2, 2), and (140; 37,37,37)
at level 0. The left subtree of the node (M, ¢, -34, 52) at level 2 consists of the nodes (0, 52,
39, 52), (140, 37, -30, 41), and (M, ¢, -34, -34) at level 1. The direct descendent of (0, 52,

39,52) at level 1 is (-123, 48, 48, 48) at level 0, and the gap size of (M, &, -34, -34) is 1.

2.24.1 2-d Search Skip List

The 2-d search skip list of Nickerson [1994] uses the idea inherent in the priority
search tree and is based on the linked-list version of the 1-3 deterfninistic skip list (DSL) of
Munro et al [1992]. It is always balanced (in the sense of B-trees) as the leaves are all
located at the same depthc lgn, % < ¢ < 1. The properties of the structure are

1. Each node contains four values. These are

1} (K, K,;) = keys of the node (the two top fields in Figure 2.4)
it) mink2 = minimum K, value for all nodes in the left subtree
iii) maxk2 = maximum K, value for all.nodes in the left subtree

2. Each node has two pointers; a down pointer and a right pointer.

3. Special nodes head, tail, and bottom indicate the start and end of list conditions.

4. All data points appear at the leaf level and some may appear at higher levels.

5. Every gap size in the skip list is of size 1, 2, or 3.

6. The skip list is ordered on the K, key values.
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The cost functions are the same as those for the priority search tree and the structure

is a prime example of the fact that deterministic skip lists provide efficient alternatives to

height balanced search trees as illustrated in Lamoureux [19961.

head
M|
-341 52 R
- tail
¥i Ml ] M
52 401 37
?:)9 52 =30 41 -3“4 -3.411 L2l
b A B 'E' s —1 . 1
- S0-341 | M
2748] [7342] (91391 [0152] (14141} [3ii30] o4 2] L4037} h
48148! (421421 139139] 152152} 41|41l [-30-30] |2 'L P37 3 -3 -':14 \:‘ m
- [ = I L L ] - 3 - b » L ] > ~_ B L - ] L
- :' - h \ § o o v
bottom

O Y

Figure 2.4 A 2-d search skip list (from Nickerson [1994]).

2.2.5 k-d Range Deterministic Skip List

The k-d Range Deterministic Skip List (or k-d Range DSL) is a data structure for.

multi-dimensional point data based on an extension of the 1-3 Deterministic Skip List

projected into k-dimensions.
The properties of the structure are:
1. Each node contains a data point which is either

1} an actual data point if the node is a ieaf node (K, K, ..., K,), or

i) a pre-defined sentinel value (s.v.) if the node is not a leaf node.

2. Each node contains two values. These are

1) minki = minimum X, value in the left subtree of the current node, and
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i} maxki = maximum K; valﬁe in the down subtree of the current node.

3. Each node contains three pointers; a down pointer, a right pointer, and a nextdim
pointer. The down and right pointers are analogous to the down and right
pointers in the I-d DSL and the nextdim pointer iJoints to a Range DSL
structure of the points in the left subtree ordered on the K., coordinate
values.

4. Four special nodes called head, tail, bottom, and lastdim are used to indicate
start and end of structure conditions. The nodes head, tail, and bottom are
identical to the head, tail, and bottom nodes in the 1-3 DSL and the node
lastdim lets us know that we have reached the last dimension of the structure
or the leaf level.

5. All data points appear at the leaf level and only at the leaf level.

6. The skip list is ordered by the i coordinate values where i represents the
dimension that is currently being built or searched (i starts at I and proceeds
toi=k).

7. Every gap in the skip list is of size 1, 2, or 3.

The k-d Range DSL supports fast insertions and deletions which require @(log" n)

amortized time, and it requires Q(n, k) = @(log* n + t) time to perform a worst case k-d
range search. It is dynamically balanced and optimal for k-d range search in the class of

dynamically balanced data structures. An example of a 2-d range DSL can be found in

Figure 2.5,
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Figure 2.5 (a). The Range DSL structure in dimension 1 (ordered on K,)
for a 2-d range DSL (from Lamoureux [1996]).
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Figure 2.5 (b) The Range DSL structure “A” (ordered on K,)

for a 2-d range DSL (from Lamourcux [1996)).
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Figure 2.5 (c) The Range DSL structures “B”, “C”, & “D” (ordered on K,)

for a 2-d range DSL (from Lamoureux [1996]).
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Chapter 3
THE K-D SEARCH SKIP LIST

The k-d Search Skip List is a new data structure for multi-dimensional point data

based on a 2-d Search Skip List Nickerson [1994]. It uses the priority search tree idea. The
k-d Search Skip List of order m is based on the linked-list version of the 1-3 Deterministic

Skip List (DSL) Papadakis [1993]. This means that it is always balanced in the sense of B-

trees; i1.e. the leaves are all at the same depth of log 7.

3.1 Definition of a k-d Search Skip List

A k-d Search Skip List of order m has the following properties:
1. Each node contains a data point which is an actual data point (K, K, ..., K )
2. Bach node contains (2k-2) values. These are

1) minki = minimum K; value for all nodes in the left subtree of the

current node, where 2 < i<k

il) maxki = maximum K; vaiue for all nodes in the left subtree of the
current node, where 2 < i<k
3. Each node has two pointers; a down pointer and a right pointer. The down

pointer points to the left subtree for this node. The right pointer points to

the right subtree for this node. A right subtree is defined as the right sibling

node of this node. A left subtree is defined as all the descendant nodes and
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their siblings which have a K, value < the K, value of this node.
4, Three special nodes called head, tail and bottom are used to indicate the start

and end of list condition. The nodes head, tail and bottom are identical to the

head, tail, and bottom nodes in the 1-3 DSL.
5. All data points appear at the leaf or bottom level, and some points also appear
at nodes above the bottom level.

6. Every gap size in the skip list is between | m/2 | and m. Gap size is defined as

the number of elements of height h-1 that exist between two linked
elements at height h, excluding direct descendants,
7. The skip list is ordered by the K, key values.

An element (used in describing property 6) is a vertically stacked set of nodes linked

directly by down pointers. As described in Papadakis [1993], this structure of order 3 is

somewhat similar to a 2-3-4 tree. Figure 3.1 illustrates the composition of a single node, and

Figure 3.2 shows a 2-d Search Skip List of order 3.

datapoint
min. K, value inthe | max. K, value in the
left subtree left subtree

min. K, value in the | max. K, vaiue in the
left subtree left subtree

down pointer right pointer

Figure 3.1 Composition of a single node in a k-d search skip list.
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Figure 3.2 A 2-d search skip list (order on K,).

The main advantage of the k-d Search Skip List lies in the fact that it is much simpler
to conceptualize and implement than a dynamic range tree structure. It has the additional
advantége that the algorithms are highly iterative in nature. This implies that some

implementations could outperform some implementations of a range tree as recursion

involves extra overhead, and therefore exira time, Also, as we usuaily will not have a worst-
case structure, the depth of the structure is usually less than that of a corresponding range

tree structure and thus range searches may be faster than they would be in a range tree.

3.2 Description of Implementation Design

First we look at the aggregation diagram (see Figure 3.3) of class KDSSkipNode and

class KDSSkipList.
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To help understand the diagram, I would like to introduce several OMT concepts
Rumbaugh et al [1991]. A line with a small diamond is the OMT symbol for "aggregation”.
Aggregation is the "part-whole” or "a-part-of" relationship in which objects repfesenting the
components of something are associated with an object representing the entire assembly. The
small diamond indicates the assembly end of the relationship. A solid ball is the OMT
symbol for "many", meaning zero or more. That is, many instances of one class may relate
to a single instance of another class. Therefore our diagram indicates that one instance of

KDSSkipNode class contains zero (empty list) or many instances of the KDSSkipNode

class.
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template<clags T> KDSS8kipList

private:
- KDSSkipMode<T> *head, *bottom, *tajl;

public:
KD&SkipList();
~KD8SkipList{) {clear(); }

const KDSSkipNode<T>* petHead() const {return head;}
int getheight() consty
int ingert{eonst T vai[k], char® name=NULL);
const KDESkipNode<T=* scarchiconst T& val,
long& numOfeomps) const;
void rangeSearch(const KDSSkipNode<T>& startNode,
const T minRanpe(k].
const T maxRange[k],
canst T T& maxFirst,
longd numFound) const;
void rangeSearchUpiconst KD85kipNode<T=& startMode,
const T minRangefk].
const T& highl, /fmax range for x,
const T& maxtirst,
! lonf& nem found) canst; #ap semi-infinite
: int deleteModeconst T& v

template<class T> KDSSkipNode void printList() const;
[ private;
friend class KD8S8kipList<T> i KDSSkipNode<T: *head. *bottom, *tail;
private: void newMaxMinfKDSSkipNode<T>& inNode);
KDSSkipNode<T> *right, *down: # reset the max and min for x,, ..., %,
¢har *name; void printNodeData(const KDSSkipNode<T>& node) consl;
T keys[31[k]; . void printNodeMin{const KDSSkipMade<T=& nadc) consi:
E— void printedeMax{const KDSSkipWode<T>& node) const;
void tlear();
puablic:
KDSSkipNode():
KD&8kipNode(const T inKeys[k]. const char* inName); ) 7
~KDS8SkipNode() /’ N
private: { )
void setMame{const char® name); " J,r’f

void setData(const T val[k]); ;
void setMin{const T mind[k]); Y
void setMin{const T mini[k], const T min2fk]): . :

void setMax{const T max0[k]y;

void setMax(const T max1[k], const T max2[k])

int isMinLegInpet{const T input[k]) const;

int ishaxGeqinputfeonst 7" inputfk]) const:

int isDatalnRangefconst T* minR, const T* maxR} const;
int isDatalnRange(const T* minR, const T & high!) const; -
int isDataliPange(const T & low], const T* maxR) const;

Figure 3.3 Aggregation between class KDSSkipNode and class KDSSkipList.
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For class KDSSkipNode, it’s data members are:

KDSSkipNode<T> *right; //the right pointer.

KDSSkipNode<T> *down; //the down pointer.

char *name; //each node may have a name.

T  keys[3][k]; fkeys{ON]: Xq, Xoy ooey Xi3
/keys[13[]: minx,, minx,, ..., minx,;
/’keys[2][]: maxx,, maxx,, ..., maxx,.

Figure 3.4 (a) The data members of the class KDSSkipNode.

The member functions are (see Figure 3.4 (b)):
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public:
KDSSkipNode(); //default constructor of KDSSkipNode.
KDSSkipNode(const T inKeysik], const char* inName);
/feonstructor of KDSSkipNode,
~KDSSkipNode();  //destructor of KDSSkipNode.
private:
void setName(const char* name); //set the name of the node.
void setData(const T val[k]); //set the k key values for the node
void setMin(const T minQ[K]);
//set the minimum values of x,, ..., X, as the input
void setMin(const T min1{k], const T min2[k]);
//set the minimum values of x,, ..., X, as the minimum
//of minl1{i} and min2[i].
void setMax(const T max0[k]);
//set the maximum values of x,, ..., X, as the input.
void setMax(const T max1[k], const T max2[k]);
//set the maximum of x,, ..., X, as the maximum
/fof max1[i] and max2{i].
int isMinLeginput(const T input{k]) const; :
' //check whether all the mins are less than or equal to the input.
int isMaxGeqlnput(const T input[k]) const;
/fcheck whether all the maxs are greater than or equal to the input.
int isDatalnRange(const T* minR, const T* maxR) const;
' //check whether all the data are inside the given range.
int isDataInRange(const T* minR, const T & high1) const;
' //check whether all the data are inside the given range.
int isDatalnRange(const T & low]1, const T* maxR) const;
//check whether all the data are inside the given range.

Figure 3.4(b) The description of the member functions of class KDSSkipNode.,

For class KDSSkipList, it’s data members (see Figure 3.5 (a)):

KDSSkipNode<T> *head; //the head.
KDSSkipNode<T> *bottom; //the bottom node.
KDSSkipNode<T> *tail; * //the tail node.

Figure 3.5 (a) The data member of the class KDSSkipList.
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The member functions are (see Figure 3.5 (b)):

public:
KDSSkipList(); f/constructructor of KDSSkipList<T>.
~KDSSkipList() {clear(); } //destructor of KDSSkipList<T>.

const KDSSkipNode<T>* gett{ead() const {return head;}
int getheight() const; //returns the height of this k-d Search Skip List.
int insert(const T val[k], char* name=NULL);
/finsert the data val[k] and name into the k-d Search Skip List.
const KDSSkipNode<T>* search(const T& val,
long& numOfcomps) const;
/freturns the node whose keys[0]{0] matches the input.
void rangeSearch(const KDSSkipNode<T>& startNode,
const T minRange(k], const T maxRange[k},
const T T& maxFirst, long& numFound) const;

/fperform rangesearch on k-d priority search tree constructed using
//a deterministic skip list. _
void rangeSearchUp(const KDSSkipNode<T>& startNode, -

const T minRange[k],

const T& highl, //max range for x,

const T& maxfirst,

lonf& numfound) const; //up semi-infinite
/fperform up semi-infinite range search on k-d priority dearch tree
/fconstructed using a deterministic skip list.

int deleteNode(const T& v); //delete a node matching the input key.
void printList() const; /fprint the whole skip list.
private:

void newMaxMin(KDSSkipNode<T>& inNode);
// reset the max and min for x,, ..., X, for inNode.

void printNodeData{const KDSSkipNode<T>& node) const;
//print the node (without the minimum and maximum).

void printNodeMin(const KDSSkipNode<T>& node) const;
/fprint the node’s minimum values,

void printNodeMax(const KDSSkipNode<T>& node) const;
//print the node’s maximum values.

void clear(); //clear the whole list,

Figure 3.5 (b) The member functions of the class KDSSkipList.
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3.3 Building a k-d Search skip List

Constructing a k-d Search Skip List requires inserting each point into the k-d Search
Skip List sequentially, starting with an empty k-d Search Skip List. Algorithnﬁ 3.1 can be
used for this. As the k-d Séarch Skip List is constructed by inserting one point at a time, we
discuss the time and space requirements for buiiding the structure in the section on insertion.

Note that minkey and maxkey are special constants which delineate the range that all data

points must fali in.

3.4 Insertion in a k-d Search Skip List

~ Insertion proceeds similarly to that of the 1-3 DSL and the 2-d Search Skip List
Nickerson {1994] with the only difference being that we must check the minkey and maxkey
for each dimension except for dimension 1. Noté that the algorithm relies on the private data
members head, tail and bottom olf the instantiation of the KDSSkipList <T> class along with -
the concepts of left subtrees and gap size. In addition, we assume that all of the K
coordinates are unique and that the data point is not already in the k-d Search Skip List.

The (top down) insertion algorithm, in summary, is as follows:
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1. Stért at the head node of the Search Skip List.

2. If the gap we are going to drop into is between |m/2 | and m-1, determine where to drop,,
and alter the minkey or maxkey of the dropping node as appropriate.

3. If the gap is of size m, we first raise the middle element of the gap by allocating a new
node C to create two gaps of size |[m/2 | and m - |m/2 . We then drop as appropriate
and alter the minkeys and maxkeys of the dropping node and the node C as
necessary. If raising an element implies the existence of two elements at depth 0, we
must raise the height of the skip list by creating a new header node.

4. When we reach the bottom level, we insert a new element of height 1. This new element

has a minimum and maximum value of K, wherei=2, 3, ..., k.

Algorithm 3.1 Summary of insertion steps in a k-d Search Skip List.
Algorithm 3.2 can be used for insertion of a point from a k-d skip list. Algorithm 3.2

corresponds to the C++ pseudocode used for insertion.
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template<class T>
void KDSSkipList<T=>::insert(const T val [k], char* name)
{
int add1 = 0; success = 1; _
bottom->keys[01, keys[1], Ikeys[2] = val; bottom->name = name;
tmpNode = head;
while (tmpNode != botiom) /fat each level
{

find the node in the right direction such that val < key,
rename the node as tmpNode;
if (tmpNode->keys[0]]0]
> tmpNode->down->right->right->keys[0][0])
d

insert a newNode betwee tmpNode and tmpNode->right;
newNode->down = tmpNode->down->right->right;
//middle one
newNode->keys{0] = tmpNode->keys[0];
newNode->name = tmpNode->name;
adjust the min’s and max’s for newNode (considering val)
tmpNode->keys[0] = tmpNode->down->right->keys[0];
tmpNode->name = tmpNode->down->right->name;
adjust the min’s and max’s for newNode (considering val)
addl = I; '
}
else if (tmpNode->down == bottom)
//insert key already in the list
success = 0
if ( tmpNode->down != bottom && !addl)
d
min of tmpNode = min {min of tmpNode, val);
max of tmpNode = max (max of tmpNode, val);
}
tmpNode = tmpNode->down;
}
if (head->right != tail)
raise height; (i.e. create a new head)
return (success);

Algorithm 3.2 Insertion of data val[k] and name into a k-d Search Skip List.
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This algorithm allows only gaps between me2_1 and m-1 on the path being traced
down to the leaf level and the resuiting skip list with a newly inserted element is a valid
order m skip list (i.e. has gap sizes between |m/2| and m). Since the ﬁinimum and
maximum value of K;, where 1 =2, 3, ..., k are always determined with respect to the new
point’s K| coordinate value, the minimum and maximum value of K,wherei=23, ..,k
for a node are always correct.

The following lemma is used in determination of the storage cost and the worst case
rebuilding cost which are necessary for one to determine the update cost functions and
preprocessing cost.

Define path length as the number of nodes encountered when traversing a k-d Search
Skip List.

Lemma 3.1 The path length from the head node to the bottom level in a k-d Search
Skip List is' O(log »).

We omit the proof of Lemma 1, since it closely follows the method achieving a

similar result for the 2-d Search Skip List in Nickerson [1994].

Theorem 3.1 The time I(n, k) required to insert a new point into a k-d Search Skip List is

O(klog n).

Proof

The proof depends on the longest path length encountered on insertion. Insertion
always starts at the head node, and proceeds viaa single path to the bottom level, whereupon
the new point is inserted. Along the way, new nodes may be created to increase the height

of middle elements in the skip list. The time to create a new node is considered constant as
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it mainly requires the copying of pointers and checking of minimum and maximum values.
The longest path length encountered on insertion for the k-d Search Skip List is given
by Lemma 1 as O(log #). The maximum number of new nodes inserted on the way to the_
bottom level is equal to the maximum height of the k-d Search Skip List, which is (from the
proof of Lemma 1) {log 7] + 2 (as a new head node may be required if the height increases
by one), in order to get the position where you want to insert the new node in the k-d Search
Skip List, there are 24 comparisons. This gives the time I(n, k) to insert a new point into a k-d
Search Skip List as O(klog n). QED.
Theorem 3.2 The space S(n, k) required for storage of a k-d search skip list is O(4kn).
Proof

Each node in the k-d Search Skip List has two pointers and (3k-2) data values. From |

Lemma 1, it is known that the number of nodes at each level / is lr‘: J+1 , and that the
2

maximum height of the k-d search skip list is | log #]. The total number of nodes in the worst

d
case 1s thus y ﬂﬁlJ +1]. Evaluating this sum results in O(log ) + Q(2n). Assuming that
2

=0

each pointer and data value occupy one storage space, the worst case storage requirement for
a k-d search skip list is 34(O(log n) + O(2n)) = O(kn). QED,
Theorem 3.3 Using Algorithm 3.2, the time P(n, k) required to construct a k-d Search

Skip List is O(4n log n).
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Proof

Each point to be inserted into the k-d Search Skip List is first checked to see if its
K, value is already there. This requires O(log ») time as, in the worst case, the -longest path
(Lemma 1) will have to be followed to determine if the point is already there. If the K,
value is not already there, the point is then inserted into the k-d search skip list. From
Theorem 3.1, we know that this requires O(klog ») time. These operations are carried out
a total of » times, once for each point inserted into the k-d search skip list, resulting in a total

time of n(O(klog n) + O(log n)) = O(kn log n). QED.

3.5 Range Search for a k-d Search Skip List

Algorithm 3.3 can be used to perform a k-d orthogonal range search on a k-d Search
Skip List. Note that it is in some ways more involved than the search algorithm for the range
tree as we do not always know at which node in the immediate down subtree we are to
continue our search and must allow for this situation. This procedure may also be used for
a member query which is the special case where our search interval is a data point.

The algorithm assumes that the Search Skip List data structure we are currently
searching is built in a top down fashion and that the query ranges are given in the variables
minRange and maxRange.

Algorithm 3.3 can be used for orthogonal range search on a k-d Search Skip List.

Again, Algorithm 3.3 corresponds exactly to the C++ code used for range search in the

experiments.
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// Perform range search on k-4 priority search tree constructed using a

// deterministic skip list. i.e. report all peoints lying inside the range
// ([minl:max1], [min2:max2], ..., [mink:maxk]}.

| template<class T>
2 void KDSSkipList<T>::rangeSearch(const KDSSkipNode<T>& startNode,
const T minRangefk],
const T maxRange[k],
const T& maxFirst,
long& numFound) const

if ((&startNode != bottom) && (&startNode != tail))
{

Oy h e W

if ((startNode.down != bottom) &&
(startNode.isMinLegInput(maxRange)) &&
(startNode.isMaxGeqInput(minRange)))

7 {  //Not leaf level

// Check the first data to see which branch it goes

8 if (*minRange <= startNode keys[0][0]) -
9 rangeSearch(*startNode.down, minRange,
' maxRange, startNode.keys{0]{0], numFound);
10 if ((startNode keys[0][0] < *maxRange) &&
(startNode.keys[0][0] < maxFirst))
11 rangeSearch(*startNode.right, minRange,
maxRange, maxFirst, numFound);
12 }
13 else if (startNode.down == bottom)
14 {  //leaflevel, report points if in range
15 if (startNode.isDataInRange(minRange, maxRange))
16 { _
/lprintNodeData(startNode);
17 numFound++;
18 }
/f Keep check the right points
19 if ( (startNode.keys[0][0] < *maxRange) &&
(startNode. keys{0][0] < maxFirst) )
20 rangeSearch(*startNode.right, minRange,
maxRange, maxFirst, numFound);
21 }
22 }
23 }

Algorithm 3.3 Range search algorithm for a k-d Search Skip List
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Note that the method “isMinLeqgInput(maxRange)” checks whether all the mins are
less than or equal to the maxRange (which is the upper right of the searching region); the
method “.isMaxGegInput(minRange)” checks whether all the maxs are greater fhan or equal
to the minRange (which is the lower left coordinate of the searching region); and the method
“.isDataInRange(minRange, maxRange) checks whether all the data are inside the given
range.

Theorem 3.4 The time Q(n, k) list required for range search in a k-d Search Skip List is
O(kn).
Proof

The worst case for k-d range search with a k-d Search Skip List is illustrated in
Figure 3.4, In this case, there are no points in the range, but the rangeSearch algorithm must
search » nodes to make this determination. The points are organized in the K, keys such that
they alternate between the minimum and maximum K, , ..., K, key values. This means that
the left subtrees of all nodes in the upper levels have the same minimum and maximum K,
» s Ky key values. Thus, the test at line 6 of the rangeSearch algorithm never prunes any
subtrees as the minimum K, , ... , K, values are always less than maxRange (i.e. the upper
bound of'the query), and the maximum X, , ... , K, values are always greater than minRange
(i.e. the lower bound of the query), until the boitom level is reached. This means that O(kn)

nodes are checked to determine that no points are in the desired range. QED.
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Figure 3.6 Illustration of worst case for 2-d range search with a 2-d search skip list.

3.6 Semi-infinite Range Search in a k-d Search Skip List

Interestingly, the k-d search skip list can be used for semi-infinite range search, in
either the ([L: H,], [Ly: ], [Ls: o], ... {L4, ]), or the ([L,: H,J, [-: H,], ..., [-: H,]) mode.
We call these the “Up” mode and “Down” mode, respectively. Algorithm 3.4 can be used
for the Up semi-infinite range search; the Down semi-infinite range search algorithm is in
the source code. The primary difference between this algorithm and the general k-d range
search in Algorithm 3.3 is at line 6, where the subtree pruning only occurs if the maximum
.Kz , - Ky values are less than the lower bound on the semi-infinite query for the keys (i.e.

all K, , ..., K keys are now out of range).
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// Perform up semi-infinite range search on k-d priority search tree
//constructed using a deterministic skip list. i.e., report all points
//lying inside the range ([minl:max1], [min2:infinity),

/7. ., [mink:infinity)).
1 template<class T>
2 void KDSSkipList<T>::rangeSearchUp(const KDSSkipNode<T>& startNode,
const T minRangelk],
const T& highl,
const T& maxFirst,
long& numFound) const
3 {
4 if ((&startNode 1= bottom) && (&startNode != tail))
5 ¢
6 if {(startNode.down != bottom) &&
(startNode.isMaxGeglInput(minRange)))
7 {  //Notleaflevel
// Check the first data to see which branch it goes
8 if (*minRange <= startNode keys[0][0])
9 rangeSearchUp(*startNode.down, minRange,
' highl, startNode keys[0]]0], numFound);
10 if ((startNode keys{0]{0] < highl) &&
(starfNode.keys[0][0] < maxFirst))
1t rangeSearchUp(*startNode.right, minRange,
highl, maxFirst, numFound);
12 S
13 else if (startNode.down == bottom)
14 {  //leaflevel, report points if in range
15 if (startNode.isDataInRange(minRange, highl))
16 { //printNodeData(startNode);
17 numFound++;
18 }
/f Keep check the right points
19 if ( (startNode.keys[0}[0] < highl) &&
' (startNode. keys[0][0] < maxFirst) )
20 rangeSearchUp(*startNode.right, minRange,
highl, maxFirst, numFound);
21 }
22 }

23 3}

Algorithm 3.4 Up semi-infinite range search for a k-d Search Skip List.
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The algorithm 3.4 can be stated in the pseudo-code form as the follow:
1. Start at head node.
2. If not bottom and tail node, then check
If not leaf level and K, >L. i=2, .. k,
If L, < K, search down;
IfK, <H, and K, <M, search right;
If leaf level, check
L, <K, <H,1i=1, ..,k report;

IfK, <H, and K, <M, search right;
Algorithm 3.5 Up semi-infinite range search pseudo-code form for a k-d Search Skip List.

Theorem 3.5  The time Q(n, k) required for senﬁ—iﬁte range search in a k-d Search
Skip List is O(kt + kn), for t = numi)er of points fbund in the range.
Proof "
We consider the following cases (Figure 3.7 and Figure 3.8).
In Figure 3.7, there are no points in the range, the test at line 6 of the rangeSearchUp
algorithm will prune all the left subtrees as the maxxmum K, , ..., K, values are less than
the lower bound on the semi-infinite. This means that O(1) nodes are checked to determine

that no points are in the desired range. This is not the worst case semi-infinite range search.
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Figure 3.7 Illustration of no data point in the 2-d up semi-infinite search region.

The worst case for k-d semi-infinite range search with a k-d Search Skip List of

order m 1s illustrated in Figure 3.8. There are some points in range, but the rangeSearchUp
algorithm must search n nodes to make this determination. The points are organized in the K,

keys such that alternately, there is one point less than the minimum K, , ..., K, values and one

point great than the minimum K, , ..., K| values. Thus, the test at line 6 of the rangeSearchUp
algorithm never prunes any subtrees as the maximum K,, ..., K, values are always greater than

minRange (i.e. the lower bound of the query), until the bottom level is reached. This means that
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all nodes in the k-d Search Skip List are visited to determine that t points are in range. Thus the

time requirement for this worst case is O(kn + kt).. QED,

K2 A //’ ’/’

Figure 3.8 Illustration of worst case for 2-d up semi-infinite range search with 2-d

Search Skip List of order 3.
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3.7 Deletion in a k-d Search Skip List

Deletion for a k-d search skip list requires keeping track of the path followed to the
bottom on the deletion path, and then reestablishing the minimum and maximum K, values
in a bottom up fashion after the node is deleted. There is a complication if the gap is of

size | m/2|. Borrowing from the next (or previous) gap causes a node to have a different left

subtree. This, in turn, means that the mink2, ..., minkk and maxk2, ...,
maxkk value for this changed node must be reevaluated before proceeding to the next

level. A summary of the deletion steps is given below in Algorithm 3.5,

43




1. Start search at the header, at a level = height of skip list.
2. The current node has a gap G of size |m/2], ..., m-1 or m; record the current node in an
array P. o

3. If gap G we are going to drop into is of size [m/2 |+ 1, ..., m-1 or m, drop.

4. If the gap G is of size [ m/2 |, then:

5. If G 1s not the last gap in the current level, then

6. If the following gap G’ is of size [m/2 |, merge G and G’ (by lowering the
element separating G and G°).

7. Else if G* is of size [m/2 | +1, ..., m-1 or m, we borrow from it (by lowering
the element separating G and G, and raising the first element in G°).
The minimum and maximum K, values of the top node of the first

element in G’ are reset to correspond to its new left subtree nodes.

8. Else if G is the last gap, then

9. If the preceding gap G’ is of size {m/2 |, merge G and G’ (by lowering the
element separating G and G’).

10. Else if G* is of size {m/2 |+ 1, ..., m - 1 or m, we borrow from it (by

lowering the element separating G and G’, and raising the last
element in G’). The minimum and maximum K, , ..., K, values of the
top node of the last element in G” are reset to correspond to its new

left subtree nodes.
1. Continue until we reach the bottom level, where we remove the element of height 1 (if

the key to be deleted does not have height 1, swap with its predecessor of height 1 and

remove its predecessor).

12, Follow the pointers in array P from the bottom up, reestablishing the minimum and

maximum K, , ..., K, values for all nodes on the deletion path.

Algorithm 3.5 Summary of deletion steps in a k-d search skip list
Algorithm 3.6 can be used for deletion of a point from a k-d Search Skip List.

Again, Algorithm 3.6 corresponds the C++ pseudocode used for deletion in several
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experiments.

//delete a node matching the input key.

v
{

1
2
3
4
5
6
7
8

9

10
11
I3
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

31
32 )

template<class T>
oid KDSSkipList<T>::deleteNode(const T& v)

push head to a stack
bottom->kkeys[0][0] = v; x = head->down;
while (x != bottom) //for every level
{  go to the right to find the first x such that x->keys[0][0] > v;
let lastAbove = key of lastAbove node of x;
if x has gap size |m/2 |, then
{  if(x->keys[0]]0] != lastAbove) //x is not the last gap
{ t=x->right;
if ((t has gap size |m/2 |) or (x is leaf level))
merge x and t->right by delete t;
else //has gap size great than |m/2 |
{ x->keys[0] = t->down->keys{0];
t->down = t->down->right;
reset min’s and max’s for t; }
}
else if previous gap of x has gap size |m/2};
{ merge px and x->right by deleting x;
rename px as X; |}
else  //px has gap size great than | m/2 |
{ px->kkeys[0] = keys[0] of the last second node of the gap px;
x->down = t->right;
reset min’s and max’s for px; }

}

push x stack, x = x->down;
H
do a second pass from head->down, remove the element of height 1. If deleted
key in element of height > 1. Swap with its predecessor of height 1 and remove

its predecessor; reset min’s and max’s for all nodes in the stack; lower the head
if necessary;

return (success),

Algorithm 3.6 Deletion of a node from a k-d Search Skip List.
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Theorem 3.6 The time D(n, k) required to delete a point from a k-d search skip list
is O(qug H).
Proof

As for insertion, the proof depends on the longest path length encountered on deletion.
Deletion always starts at the head node, and proceeds via a single path to the bottom level,
whereupon the existing point is deleted. Along the way, gap heights are possibly changed
by borrowing from a next or preceding gap, and then resetting minimum and maximum K,
s --» Ky values. The borrowing requires the changing of one pointer. Resetting minimum
and maximum X, , ..., K values is done by a call to the function getmin, getmax, which
compares the values of up to two other nodes, and resets if appropriate. The time for these
operations is considered a constant.

The longest path length encountered on deletion for the k-d search skip list is given in
Lemma 1 as O(log ). Following this path to the bottom, and deleting the node thus requires
O(log #) time. In addition, the deletion path is followed again to check for deleted K, keys
in nodes higher than the bottom. This also requires O(log #) time. Finally, the deletion path
is followed from the bottom up to reestablish the correct minimum and maximum K,,

wauy

Ky values, which requires O(klog ») time. The total time required is thus 20(log n) + k

O(og n)= O(klog n) time. QED.,
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Chapter 4
LOWER BOUNDS

In order to formulate a lower bound, we have to define an appropriate model of
computation, the so-called tree model. In this model, a data structure is a rooted tree, and
a condition is associated with each edge in the tree. Given a query, the query answering
algorithm starts with the root, and visits a vertex v if and only if the given query satisfies the
conjunction of the conditions on the path from the root to v. The output corresponding to a
given query is a function of the data associated with the visited vertices. Several standard
data structures, such as linked lists, and range trees are based on the tree model. In the tree
modeé, we Investigate the semi-infinite reporting problem where the response to a query is
a list of all the records in the data base whose keys are located in the query box.

The lower bound for the worst case time to process (on-line) a sequence of n
intermixed insertions, deletions, and range queries is Q(n(log »)*) Fredman [1981].

It is convenient to transform the problem of semi-infinite range searching in a k-
dimensional set F of n points with arbitrary real coordinates into the problem of range
searching in a k-dimensional set F’ of n points with integer coordinates between 1 and n.

Such “normalization” can be carried out as follows. Let F, = {x,|x € F} (1 < i< k)
be the set of n numbers occuring as the i-th coordinate. For each point X = (X,, X, ..., X} of
F take a point X' = (x, x,/, ..., X'} into F’, where x;’ is the “rank” of x; in F,. (If the
numbers of F; are sorted into ascending order and duplicates are removed, then the position

of x; in this sequence is its rank). Note that such normalization can be accomplished in time
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O(knlog n) and space O(n). A range query [L,, H}, [L, =], ..., [L, =] in F can be -
“normalized” into a range query [L,", H,'], [L, ', =], ..., [I,/, ] inF'ina sinﬁl_ar fashion in
(k + 1) log 7 comparisons. |

For the above reasons, we can assume in the following that F is a set of n points in k
dimensions with all coordinates being integers between 1 and n, and that each range query
Ly, Hyl. [L,, =], ..., [L4, ] consists of integers onfy with 1< I, s n, 1 < H, < n fori=1, 2,
s K

4.1 No Space Restriction

For an arbitrary point set F, let R(F) be the number of different semi-infinite range

queries possible for F (we assume that two range queries are different iff the results of a range

search based on them are different).

Let R(n, k) = max{R(F)F is a set of n points in k dimensions}.

It is easy to see that R(n, 1) = [" + 1] + 1 =(n+1)n/2 + 1, for the answer to a range query is
2

either empty (one such answer) or can be defined by two of n+1 interpoint locations. It is also
easy to see that R(n, 2) =R(n, 3)= ... =n +1.

The exact value of R(n, k) for general n and k seems more difficult to calculate. We
can immediately observe that R(n, k) < [(a+1)n/2 + 1][n + 1]*.
Lemma 4.1 R(n, k) > (n/(2k))**D,
Proof

To avoid complications assume n is a muitiple of 2k. Let S be the set of all points
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with a single nonzero integer coordinate in the closed interval [-n/(2k), n/(2k)]. Consider the
set of all range queries [L,, H,], {L,, =, ..., [L, %] with -n/(2k) <L; < -1 and 1 < H, < n/(2k),
for i=1, ..., k. The (0/(2k))*™) range queries obtained in this way clearly determine different
sets of points, and the result follows, QED.
Theorem 4.1 For range queries on n points in k dimensions, the lower bound for semi-
infinite range search time is Q(klog n).
Proof

By the Lemma 4.1, R(n, k) > (#/(2k))**". Hence any algorithm for semi-infinite
range search based on decision trees in the worst case requires at least

lg (n/(2k)*Y = (k+1) log 1 - (k+1)log k - (k+Dlog 2

comparisons. Hence the lower bound for semi-infinite query time is Q(klog »). QED.

4.2 With Space Restriction

Space and time requirements have traditionally been used as performance measures
for the algorithms of range search. We investigate the question of (storage) space-(retrieval)
time trade-off for semi-infinite range queries on a static data base.

Let k be a positive integer. Let N = {1, 2, ..., n} and let N* denote the set of all
k-tuples of positive integers less than or equal to n. Let (K, K, ... , K}) € F. A semi-infinite
range query is specified by a (k + 1) - tuple (L,, H,, L, , =, L;, =, ..., L, =) of positive
integers satisfying L, < H,. Alternately, the query region for a semi-infinite range search is

a parallelepiped (box) b, defined by the product [ ,H] x[L
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of k intervals. A key k is said to be located inaboxb=[L,, H,] X [L,, )} x [ L;, ) x _.
X Ly ) (b= [Ly, H] ¥ [ L,, maxKy) x [ Ly, maxKy) x .. x [L, maxK,)) if and only if
Li<K;<H,L; <K< 2 <ix<k We consider such a query where the output is a list of
all the records whose keys lie in the query parallelepiped b.

We study the tree model for data structures. In this model, the data structure is
assumed to be a rooted tree.

We shall only consider sets of records where no two records in a Set have the same
key. Then the set F of keys completely specifies the set of records, and the semi-infinite
reporting problem is to produce a list of all the keys in F that lie in the given query box. Note
that considering this special case does not cause any loss of genérality as the lower bounds
obtained in the special case trivially extend to the general case. Since the output size is query
dependent, the time required to answer a query is not the correct measure of the overhead
involved in prﬁducing the desired response to the query. So we define a scaled query time T'
that measures the overhead for producing one unit of output. With respect to a fixed set F of

keys, and a fixed tree for F, we define a scaled query time T’ as follows:

"= max ____T(b)
1g/brFlslogn |b A F| (4.1)

Theorem 4.2 In the tree model, for the semi-infinite reporting problem on a static data

base with n records, there is a space-time trade-off (where S = space, T = time)
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(log T' + log log n) ¥~ 'T'S = Q(n(log n)*®), where 6 = 1 fork =2,
and8=2fork > 3.
Proof -

From Vaidya [1989], the orthogonal reporting problem on a static data Base with n
records, the space-time trade-off is (log 7" + log log ) ¥ 'T'S = Q(n(log 7)), where 6 =
1 fork=2,and 6 =2 fork > 3. Again, the lower bound of T'S for Up semi-infinite range
search is the same as that for Down semi-infinite range search; the lower bound of T'S of the
Up semi-infinite range search, the Down semi-infinite range search, and the intersection
between the Up semi-infinite range search and Down semi-infinite range search would be
that for the orthogonal range search; and the lower bound of T'S of Down semi-infinite
range.search is the same as that in the orthogonal case. Therefore, the space-time trade-off
for the semi-infinite reporting problem is (log T' + log log n) **'T'S = Q(n(log n)k-0), where
8=1fork=2,and 0 =2 fork = 3. QED.

This type of lower-bound argument, when used to prove a worst-case result, is
sometimes known as an information-theoretic lower bound. The general theorem says that
if there are P different possible cases to distinguish, and the questions are of the form
YES/NO, then [ log P'| questions are always required in some case by any algorithm to solve

| the problem Weiss [1992].

The most obvious open problem left by this work is that of further tightening the

bounds. We suspect that the above lower bound for semi-infinite range search without space

restriction (Theorem 4.1) is exact up to second-order terms.
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Chapter 5
HALF-SPACE RANGE SEARCH

When we discuss half-space range search, if we don’t specifically mention it, we
search the points locate in the positive side of a hyper plane h. The hyper plane h has the
equation: a;x; + aX, + ... + a,X, = m, where we always assume a, # 0.

To perform a half-space range search, we modify the composition of a single node

in ak-d Search Skip List as follows:

datapoint

min. K, value in the max. K, value in the
left subtree left subtree

min. K, value in the max. K, value in the
left subtree left subtree

min. K, value in the max. K, value in the
left subtree left subtree

down pointer right pointer

Figure 5.1 Modified composition of a single node in a k-d
Search Skip List to allow half-space range search.

The difference between the composition of a single node in a k-d Search Skip List
and the modified one is that we add the minimum and maximum of all k coordinate values

in the left subtree into the node representation.
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A sample of a modified k-d Search Skip List (see Figure 5.2).

head

M

123 150

- 52
ay f k tail

0152 40] 37 M M
123 O 14140 150] 130 >
P52 -30] 41 -3
b ¢ d € £y h R

-123 48 | [-73142 4139 0152 14 4] 311-30 04 2 11140 371 [150] 34| | M

H123-123 [.731-73 018 03 0 141 14 31] 31 0411041 |140) 1404 |150] 1530] | M| m

48§ 48 421 42 39139| [s2]52 4114 30130124 2 371371 [-34-¢| | M| m

% | y e o -~ — L — | -
) i
¥
bottom|

GO

Figure 5.2 Sample modified k-d Search Skip List.

Note that M stands for the maximum coordinate value and m stands for the minimum -

coordinate value. The down and right pointers point to the left and right subtrees,

respectively. The algorithms for insertion of points into and deletion of points from the

modified k-d Search Skip List are not given here as they are similar to the Search Skip List

algorithms. Special nodes head, tail and bottom are used in these algorithms to mark the

beginning and end of data. Each leaf node contains one datapoint; these are maintained in

order of I* coordinate values. Interior nodes have a datapoint equal to that of the rightmost

leaf level data point in the left subtree of this interior node.
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5.1 Half-Space Range Search in The Planar Case

5.1.1 The Half-Space Range Search Algorithm
Leth: ax + by - ¢ = 0 (a = 0) be a hyper plane in E?, F be a subset of E%.

Forb = 0, let y' = (-ax,;, + ¢)/b, y" = (-aX,., + ¢)/b (see Figure 5.3). Similarly, let

X' = (-b¥min T V2, X" = (-b¥pa T ¢)/a.

Figure 5.3 Half-space range search for the 2-dimensional Search Skip List.
We assume that there is no point lying on the query line h.
Lemma 5.1 For any point (x, y) € F, we have
(i) if b > 0, then y < min(y', y") implies ax + by -¢ < 0, and

y > max(y', y") impltes ax + by -¢ > (.
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(ii) if b <0, then y < min(y", y") implies ax + by -¢ > 0, and
y > max(y', y") implies ax + by ~¢ <0,
(iii) if a > 0, then x < min(x', ") implies ax + by -¢c < 0, and
X > max(x', x") implies ax + by -¢ > 0.
(vi) if a < 0, then x < min(x’, x") implies ax + by -¢ > 0, and
X > max(x', x") implies ax + by -¢ < 0.
Proof

Ifb = 0, for any point (x, y)e F, let Yo = (-ax + c)/b, y, = min(y', y"), y, = max(y', y"). By

Figure 5.3, we have y, < y, < v,.
(i) Letb> 0. Ify <y, then
Y<Y1 £yo=(-ax +c)/b,
or
by <-ax +c,
that is
ax +by-c<0.
If y >y, then
Y yazy=(ax+ o,

or

by > -ax + ¢,
that is
ax+by-c>0.
(i) Letb < 0. Ify < y,, then
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Y <Y1 s Yo=(-ax +c)b,
or
by >-ax +c,
that is
ax+by-c>0.
| Ify>y,, then
! Y>> Y22 ¥y =(-ax+cyb,
or
by < -ax +¢,
that is
ax +by-c<0,
(iii), {v1) are Similar to case (i), (ii). QED.
From Lemma 5.1, we can get the 2-d half-space range search (top ddwn) algorithm

for our k-d Search Skip List:

1. Start at the head node of the Search Skip List.

2. Calculate x' and x".
If (a> 0 and x,,,, < min(x', x")) or {a < OI and x;, > max(x', x"))
we prune this left subtree, exit.
Else if (a > 0 and x,,, > max(x', x™)) or (a < 0 and x,,, < min(x', x"))
we report this left subtree, exit.

Else (check b)
If (b #0), calculate y' and y".
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If (b > 0 and y,,, < min(y', y")) or
(b <0 and y,;, > max(y', y"))
we prune this left subtree, exit. |
Else if (b > 0 and y,;, > max(y', y")) or
(b <0 and y,,,, < min(y’, y"))
we report this left subtree, exit.
Else go to Step 3.
Else go to Step 3.
3. Following the down pointer or the right pointer, recursively go to Step 2.

4. When we reach the bottom level, we check whether the remaining points fall in

the given half-space.

5.1.2  Analysis of The Half-Space Range Search for The 2-d Search Skip List
Theorem 5.1 Given a set of n points in E2, one can preprocess it for half-space range
reporting in time O(x log #), storing the data structure in space O( n ).

Theorem 5.2 Given a set of n points in E?, the worst case half-space range search time

is O( n ).

We omit the proof of these theorems, since it follows the proof for the k-d Search

Skip List in Section 5.2.
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3.2 Half-Space Range Search in E*, When k > 2

5.2.1 The Half-Space Range Search Algorithm

In last section, we discussed half-space range search in E2 The purpose of this
section .is to generalize the results for E° case to the general case E¥, where k is any
positive integer greater than 1.

Although our arguments are developed in EX, for ease of presentation, all Figures will
represent 2-dimensional analogs. Given a hyper plane h of equation AX™ = m, where vector
A=(ay, 8, ..., &), X = (X4, Xy, ..., X,), and m is a constant. Given a set of points F in E¥, we
want to find which points in F are in the positive half-space of h. We assume that no point
lies on the query plane h,

‘We would like to introduce several definitions first.

Definition 5.1 We say p = (x,, X, ..., X,) belongs to the positive half-space of h, denoted
peh’, if A (x, X s X7 - rn > 0. We define the negative half-space of h, h¥, in a similar
fashion by reversing the inequality in above.

Definition 5.2 For a given set F in E¥, and any integer i, 1< i< k, %, is defined as the
minimum value Iof the x; coordinates of all the points in F. Similarly, x,.... is defined as the
maximum value of the x; coordinates of all the points in F.

Definition 5.3 TFor a given set F in E*, we define two k-element arrays, mins and maxs:

For any integer 1, 1< i< k,
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—a,x if a,<0

i'imin »
mins[i]= 0, if a =

—a,x if a >0

" fmax *

—-ax,... f a <0
maxs[i]= 0, if a=0
—O X s o @; >0

Definition 5.4 For a given set F in B, we define two discrete functions, £, and £,
defined on the set {1, 2, ..., k}: For any integeri, I1<i<k,

S i s (1) = Z min s[ j],

Ji

S waxs () = D maxs[ j]

j#i
Lemma 5.2 Let F be a subset of EX. Then for any point p = (x,, X,, ..., X) € F, we have
mins{i] < -ax; < maxs[i], i=1,2, ...,k |
Therefore
fins@) < f (D, 1=1, 2, .., k.
Proof
Since for 1 <1 <k, X € X € Xy If & <0, we have
8 Ximin S 8% £ -8 Xipyay-
That is mins[i] < -ax; < maxsfi].
Similarly, if a, > 0, we have
“Aimin 2 -8 X 2 -AXimay.
That is
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mins[i] < -ax; < maxs[i].
Similarly, if &, > 0, we have
“BKimin 2 X Z ~&Ximax-
That is
maxs[i] = -a; X; > mins[i].
By above and Definition 5.4, it is not difficult to get
frine() < o), 1= 1,2, ..., k. QED.

We assume that there is no point lying on the query plane h.
Lemma 5.3 Leth: AX"=m be a hyper plane in EX, F be a subset of E¥ and i be an integer
between 1 and k. If a; = 0, let

| X3 = (Fnins(1) + m)/ay, X" = (fas(i) + m)/a,
then for any point p = (x,, X,, ... X} € F,
(1) if 3, > 0, then x; < x; implies p € h?,
and x; > x"; implies p € h",
(2) if & < 0, then x; < X", implies p € h",
and x; > x'; implies p € b,
Proof
Given 1 <1<k, ifa; # 0, by Lemma 5.2, we have aix'i. < &x",.
For any point p = (x,, X, ... X,) € F,

let

X0 =(Z(—aj *xj.)+m)/ai,

J#EL
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:;
i
f_.
i

again by Lemma 5.2, we have
X € X < X

(1) Leta; > 0, if x; < x', then

¥. < x'.
SRS X :(Z(—aj *x,)+m)/a;

i
or
* oy
a, *x, <Z( a;*x,)+m,
f=i

or

AfX; X5 ... x)T-m< 0.
Hence

p € h’.

If x; > x",, then

X, > X" > _ .
it x, —(Z(—aj *x,)+m)/a;

i
or
* g %
a *x, >Z( a,*x,)+m,
J*

or

AlX) X5 ... 3 ) -m > 0.
Hence

pe h’,

(2) Let 3; < 0, if x; <x";, then
X; <x"; éxm — (Z(_af *xj) -E-m)/ai,
J#
or
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a *x, >Z(-aj *x;)+m,
i
or

A(xl X2 - Kk)T- m> 0
Hence
peh’

Ifx; > X', then

> X2 X, = (Z(_af *xj_) +m)/a;.’

J=E
or
* — *
a; " x; <Z( a; x_j)+m:'
e
- 0r
A(X.l XQ vaa Xk)T‘ m < 0.
Hence

p € h*, QED.
From Lemma 5.3, we can get the k-d half-space range search (top down)
algorithm for our k-d Search Skip List:

1. Start at the head node of the Search Skip List.

2. Calculate two arrays: mins and maxs.
Let

k
Amins = m+z min s[i],
i=1
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k
hAmaxs = m+z max s{i].

i=1

For each g; # 0, where i € {1, 2, ..., k}, Calculate x', and x";:
X'y = (hmins + mins[i])/a;, x"; = (hmaxs + maxs[i])/a;.
If (& > 0 and x;,,,, < X") or (& < 0 and X ;> X%)
we prune this left subtree, break the loop.
Else if (a; > 0 and Xy, > x") or (3 < 0 and X, < x™)
we report this left subtree, break the loop.
Else
If it is the last loop a, case,
go to Step 3.

Else increase i to discuss next a, case.

3. Following the down pointer or the right pointer, recursively go to Step 2

4. When we reach the bottom level, we check whether the remaining points fall in

the given half-space.
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// Perform half-space (positive gide)range search on k-d search tree
//constructed using a deterministic sgkip list. i.e. report all points
// lying inside the positive side of a hyper plane

1

template<class T> | :

void KDSSkipList<T>::halfSpSearch(const KDSSkipNode<T>& startNode,
const T halfSp{k+1], const T& maxFirst, long& numFound) const
{

if ((startNode.keys[0]{0] = maxkey) && (startNode.down== bottom)) return;
else if ((startNode.keys{0]{0] = maxkey) &&

(startNode.down != bottom) && (&startNode != tail))
{

Hal{SpSearch(*startNode.down, halfSp, startNode.keys[0][0],
numFound);

}
else if ((&startNode = bottom) && (&startNode != tail))
{
if (startNode.down == bottom)
{
if this point in the given side, report it;
if (startNode.keys[0][0] < maxFirst)
HalfSpSearch (*startNode.right, halfSp, maxFirst, numFound);
}

else //not leaf level

{

check to report or prune down;

if report
report this left subtree;

else if (!prune)
halfSpSearch(*startNode.down, halfSp, startNode.keys{0][0],

numFound);

if (startNode.keys[0][0] < maxFirst)

haifSpSearch(*startNode.right, halfSp, maxFirst, numFound);

Algorithm 5.1 C++ pseudo-code algorithm for k-d half-space range search

64



5.2.2 Analysis of The Half-Space Range Search for The k-d Search Skip List
Theorem 5.3 Given a set of n points in E¥, one can preprocess it for half-spape range
reporting in time O(kn log n), store the data structure in space O( kn ).

We omit the proof of this theorem, since it closely follows the method achieving a
similar result for the k-d Search Skip List with orthogonal range search in Chapter 3.
Theorem 5.4 Given a set of n points in B, the worst case half-space range search time
is O(4n).

Proof

The worst case for k-d half-space range search is illustrated in Figure 5.6. In this
case, there are no points in range, but the half-space range search algorithm must search
nodeé to make this determination. The points are organized in the x,;, < X, < X maxs @a0d
X< X;<x;", where j =2, 3, ..., k. Thus, the algorithm never prune as x; always in the range
(x;', %), until the bottom level is reached. This means that O(n) nodes are checked to
determine that no points are in the desired side, and each node requires O(k) operations.

Therefore, the search time for half-space range search is O(kn). QED.
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Figure 5.4 Tllustration of all data points are in the cross-hatched area
for 2-d half-space with a k-d Search Skip List.
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Chapter 6
EXPERIMENTAL RESULTS

6.1 k-d Range Search and Semi-Infinite k-d Range Search

The k-d Search Skip List was experimentally analyzed using the methodical
approach described below, in an attempt to facilitate an accurate comparison of their actual
run times. We are interested in the average insertion time, the éverage deletion time, and the
average search time as the worst-case is not only rare for large structures but difficult to
specify. In this section we outline the general approach that is used in the experimental
analysis of the k-d Search Skip List in Section 6.2. |

The structure was tested on randomly generated data sets which were uniformly
distributed throughout a k-dimensional space. The random data was generated by using the
built in function lrand48(). Since we instantiate template T as Jong, Irand48() can only.
generate the random numbers between 0 and 2*' - 1. We chose sample sizes n of 1,000,
10,000, and 100,000. The range for the random numbers are shifted such that they are

| between -(2°! - 1)/2 and (2! - 1)/2. The structure was analyzed based on their construction
- times, the destruction times, and range search times. It is the construction times and
destruction times that allow us to approximate the “hidden” constants of our big-oh analysis
of the insertion algorithms that we performed in Chapter 3. Our analysis of the update times
is based on these constants as they allow us to make a direct comparison of the structures.

The construction time is defined as the time to build a structure by inserting » points
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sequentially into an initially empty structure. The destruction time is defined as the time to
dispoée of a structure by deleting one data point at a time until we are left with an empty

structure. The range search time is simply the time to execute a k-d range searcil for a given

k-d orthogonal range query. The semi-infinite range search time is the time to execute a k-d

range search for a given k-d semi-infinite range search query.

The construction and destruction times were recorded by running the programs
(kdskiplist.cc and kdtest.cc) 270 times. Each time the application reported the unsuccessful
insertions which was caused by inserting a node whose first dimensional key was the same
as that of an existing node in the k-d skip list.

The range search time is recorded for 6 different query wihdows that cover 0%, 10%,
30%,. 50%, 70%, 100% of the search space, respectively. Given a query window area ratio,
which is the ratio of the area of the query window to that of the data window, we can get the
side length ratio which is (area ratio)'”, then call the function getQueryWin by using this
side length ratio to get the required query window. The position of this query window is
randomly determined. The query windows are restricted such that they are completely

contained within the search space inclusively. Algorithm 6.1 was used to generate the

random query windows.
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void getQueryWin(int qwMinR[k], int qwMaxR[k], int wMinR{k], int wMaxR[k],
int keys[SAMPLESIZE][k], float qwRatio[k])

// qwRatio[i]: the ratio of the i-th side of the query window and

// its corresponding side of the whole window.

{
unsigned i=0, j=0;  // loop index
int tempMin, tempMax, temp;
/1 Get the whole window
for (1i=0; i<k; i++)
{
tempMin = tempMax = keys[0][i];
for (j=1; j<SAMPLESIZE; j++)
{
temp = keys[j][i];
if (tempMin > temp)
tempMin = temp;
if (tempMax < temp)
tempMax = temp;
}
wMinR[i] = tempMin;
wMaxR[i] = tempMax;
}
// Get the portions randomly
int wSideLen; // length of side of the whole window
int qwSideLen; // length of side of the query window
for (i=0; i<k; i++)
{
/1 Get the length of each side in integer
wSideLen = wMaxR [i]-wMinR[i];
gwSideLen = wSideLen * gqwRatio[i];
if (wSideLen != qwSideLen)
{
qwMinR[i] = (rand() % (wSideLen-qwSideLen)) + wMinR[i];
gwMaxR{i} = qwMinR[i] + qwSideLen;
}
else
{
gwMinR[i] = wMinR[i];
qgwMaxR[i] = wMaxR[i];
}
}
}

Algorithm 6.1 Random query window generation.
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For semi-infinite range search, it is impossible to specify the search area ratio in .
advance if you want the position of every side of the query window to be generated
randomly. In our test, we only give the side length ratio for the first dimension. We then

create our seti-infinite query window (see Figure 6.1), whose first dimension side position

is randomly chosen but whose length (e.g. /in Figure 6.1) corresponds to the calculated side

length ratio. Each remaining side has only one endpoint’s position (e.g. a and b in Figure

6.1) which is also randomly created. After we get the query window, we then calculate the

area ratio and report it.

A
|
\

Figure 6.1 The query window of 2-d semi-infinite range search.
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To allow for an accurate analysis, each structure is constructed, searched for the six
different query windows, and destroyed a total of five times. Also, for each structure that is
built, each range search is performed 270 times in order to bring the search ﬁme into the
high millisecond range so that accurate timings may be obtained. A single range query is
extremely fast, requiring only a few milliseconds for the largest structures we build.

Five test runs were performed on 2, 5, and 10 dimensional data for data sets that
ranged in size from 1,000 to 100,000 data points. A single test run consisted of 5 passes
over 9 data structures. Each run tests constructing, destroying, and searching a single data
structure,

Times were obtained by using the built-in function clock,.. accurate to at least 10 of
a second, which keeps track of the amount of system time used. All of our times are given
in milliseconds except the search times are in microseconds when the query window area
ratio is 0 or very small (see Table 2). Due to the size of nklog n as compared to the actual

run times, the constant for building the data structures are calculated (see Table 1) according

to the following equation:

_average run_time 100,000 _agverage run_time
Imillisecond ~ nklogn  nk logy’
100,000

(6.1)
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Table 1 The value of (nklog 1)/100,000 for different tests.

k Number of data points in the randomly generated datasets
n = 1,000 n = 10,000 n = 100,000

2 0.20 2.66 3322

5 0.50 6.64 83.05

10 1.00 13.29 166.10

Approximating the constant for the range search cost function, which is cklogn+t,
is difficult. The range search function is highly dependent on the time needed to report the
t data points in range which is difficult to separate from the time required to search the skip
list.

The method we use for analyzing the search times is to determine whether or not the
search times increase appropriately with an increase in the size of the query window. For
example, when the query window increases from 10% to 30% coverage, the search time |
should approximately triple if the search is performed on the same structure under the
assumption that t dominates the search time (which our results seem to indicate).

Our methodology is to average the construction, and search times for each structure
built (where one structure corresponds to one data file) and determine our constants and
approximate run times from these averages. The results are summarized in the section that
follows. Appendix B, D, and E contain the complete testing details.

The testing was performed on sol, a Sun SPARC 1000 workstation, under SUN 0S8
5.3. Sol has 640 MB of RAM and 820 MB of hard disk space available for use as virtual

memory. Sol is located in the computing Services Department of the University of New
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Brun.swick and is a two-processor multi-user system which runs at 50 MHZ. So! is heavily
used throughout the campus and testing took place on May 20, 1997, when usage was
usually below normal.

The C++ pseudo-code for the test runs is shown in Algorithm 6.2. It contains the
pseudo-code for the main driver used in testing the k-d Search Skip List along with pseudo-
code for the driver functions to accomplish the construction, orthogonal range searching,
semi-infinite range search and destruction of the data structures. The complete source code

for the k-d Search Skip List can be found in the appendix H.
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#include <iostream.h>

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

#include <limits.h>

#include <sys/time.h>  // library routines
#include "kdskiplist.h"

#define SAMPLESIZE  100000L
#define QWAREARATIO 0.8
#define MILLISEC_PER SEC 1000

main()

{

long startT, endT;

long i, keysA[SAMPLESIZE]{k];

int j;

long* datalter = NULL; // pointer iterator of the array keysA
const long maxTest = 536870912L;

for (i=0L; i<SAMPLESIZE; i++)

{
for(_| 0; j<k; j+H)

randomly generate SAMPLESIZE k-dimensional data points;
H

KDSSkipList<long>  kdlist; // Create an empty skiplist

BUILD the structure and output the construction time;

ORTHOGONAL RANGE SEARCH the structure for the given query windows and
report the data points in range and the search time;

SEMI-INFINITE RANGE SEARCH the structure for the one given side of query
windows and report the data points in range and the search time;

DESTROY the structure and output the destruction time;

Algorithm 6.2 (a) Main driver routine for testing the k-d Search Skip List.
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Sub-driver BUILD

long unsucNum = OL;
startT = clock();
startT = clock(yMILLISEC PER SEC;
datalter = keysA[0];
for (i=0OL; i < SAMPLESIZE; i++)
{
if (0 == kdlist.insert(datalter))
UnsucNum++;
Datalter += k; -
}
endT = clock();
endT = clock()/MILLISEC PER_SEC;
output unsucNum and endT-startT;

Sub-driver ORTHOGONAL RANGE
SEARCH

long qwMinR[k], gwMaxR[k];

long wMinR[k], wMaxR{k];

float quRatio[k];

long numfound = 0L;

call getQueryWin(...);

startT = clock();

startT = clock(YMILLISEC PER_SEC;

search the data structure for the
given query window;

endT = clock();

output numFound and endT-startT;

Sub-driver DESTROQY

long numFailDel = OL;

startT = clock(); :
startT = clock()/MILLISEC PER _SEC;
datalter = &keysA[0][0];
for (i=0L; i<SAMPLESIZE,; i++)
{

if (kdlist.deleteNode(*datalter) == 0)

NumPFailDel++;
Datalter +=k;

}
endT = clock();
endT = clock()/MILLISEC PER SEC;
output numFailDel and endT-startT;

Sub-driver SEMI-INFINITE RANGE
SEARCH

numFound = OL;

calculate the query window area ratio

startT = clock();

startT = clock(YMILLISEC PER SEC;

search the data structure for calculated
semi-infinite query window;

~endT = clock();

endT = clock()/MILLISEC PER_SEC;
output numFound and endT-startT;

Algorithm 6.2 (b) Sub-driver routines for testing the k-d Search Skip List.

75



6.2 An Analysis of the k-d Search Skip List

3 In this section we experimentally analyze the k-d Search Skip List of chapter 3. The
construction and destruction times for all five passes of all six runs for randomly generated
datasets can be found in Appendix A. Their average construction and destruction time can
be found in Appendix B. Table 2 and Table 3 below summarize the construction and
destruction times for the test runs.

The constants, as computed by equation (6.1), corresponding to the construction and
destruction times of Appendix A can be found in Appendix C and the constants
corresponding to the average construction and destruction times of Appendix B can be found

f in Appendix D and are summarized in Tables 4 and 5.

Table 2
Construct time averages for all test runs the k-d Search Skip List
k Construct time average (milliseconds)
n=1,000 n = 10,000 i = 100,000
j 2 44 542 8788
g 5 78 946 14051
? 10 127 1760 23071
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Table 3

Destruct time averages for all test runs of the k-d Search Skip List

k Destruct time average (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 57 774 13669
5 84 1373 20807
10 137 2324 32774
Table 4
Average insertion constants for all test runs of the k-d Search Skip List
k Constant ¢ for insertion averages
n=1,000 n= 10,000 - n=100,000
2 8.02 8.98 14.25 .
5 5.17 6.11 9.34
10 4.24 5.89 7.43
Table 5
Average deletion constants for all test runs of the k-d Search Skip List
k Constant ¢ for deletion averages
n= 1,000 n = 10,000 n = 100,000
2 9.29 12.86 23.48
5 5.80 9.14 14.01
10 4.55 7.25 11.09

From Tables 4 and 5, it would appear that the constant for the insertion procedure

is reasonable at around 8 and that the constant for deletion is moderately high at around 11.
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Although the procedures should require the same amount of time on average as they both |
require fhe same amount of rebuilding in the worst case, it was expected that the deletion
procedure might be slightly slower than the insertion procedure as it involves er-ctra overhead
and requires backtracking along the deletion path when a maximal or minimal value in a
down subtree is removed. As with the k-d Search Skip List, we expect the constants to be
slightly higher as larger structures require more overhead which could considerably slow
down the construction times, especially when the constant paging and swapping of the
process that is bound to happen in a multi-user system is taken into account.

We now turn to analyze the search times (orthogonal range search and semi-infinite
range search). The average orthogonal range search times for the tests are given in Table 6.
Table 6 shows the average range search time when the dimension is 2, 5, or 10. It appears
as the area ratios increase, the increment ratios of range search times increase almost the
same as that of the area ratios. We can conclude that the range search procedure is very

efficient on average, behaving as predicted in our analysis.
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Table 6
The average orthogonal range search time (milliseconds) for the k-d Search Skip List

% of points in range 0% 10% 30% 50% 80% | 100%
k # points Average search time in milliseconds
10° 0 C 2 2 2 4 4
3 10° 0 8 22 38 38 50
10° 0 108 364 460 494 578
10° 0 4 0 4 0 2
5 10* 0 30 42 62 72 82
10° 0 364 626 660 788 820
10° 0 2 4 6 10 10
Lo 10° 0 88 84 104 126 108
| 10° 0 696 | 994 | 1048 | 1168 | 1318

The classified semi-infinite range search times for the tests are given in Table 7.

Table 7 (Appendix E), below, provides the average semi-infinite range search times obtained
from our tests by classifying the percentage of points in range as 10% or less, 40 to 60%,
and 90% or more. Examining the average search times of Table 7 leads us to conclude that
the semi-infinite range search procedure is very efficient, behaving as predicted in our

-analysis (i.e. O(klog n + t) time on average).
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Table 7

The average semi-infinite range search time (milliseconds) for the k-d Search Skip List

% of points in range 10% or less 40 to 60% 90% or more
k # points Average search time in milliseconds
10° 0 0 4
5 10 4 16 38
10° 38 172 500
10° 1 4 10
3 10 20 45 60
10° 100 500 762
10° 4 10 10
10 10* 38 70 . 50
10° 180 800 960

From the above tables, we can see that- the range search ( and semi-infinite range
search) times increase as the dimension and query window area ratio increase. With the
increments in query window size from 10-30%, 30-50%, 50-80%, and 80-100%, the
increments of search times should be roughly 3.0, 1.6, 1.6, and 1.2 if t dominates the search
time as predicted. Unfortunately, we didn’t get such results because it is impossible to
- predict the time for reporting t. For given dimensionality k and query window area ratio, the
results show that the semi-infinite range search time is lower than the range search time,

behaving as predicted in our analysis.

For the orthogonal range search (semi-infinite range search) time, when the query

window is very small, the search time is too little to report, even if microseconds are used
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as the time unit.

6.3 k-d Half-Space Range Search

In this section we outline the general approach that is used in the experimental
analysis of the average half-space range search times based on the modified k-d Search Skip
List.

The structure was tested on randomly generated data sets which was uniformiy
distributed throughout a k-dimensional space. The random data was generated by using the
built in function Irand48(). Since we instantiate template T as Jong, lrand48() can only
generate the random number s between 0 and 2*' - 1. We chos’é sample sizes of 10,000,
50,000, and 100,000. The range for the random numbers are shifted such that they are
between -(2°! - 1)/2 and ( 2! - 1)/2. The structure was analyzed based on their range search
times.

The half-space range search time is recorded for 100 different randomly generated
hyper planes (using srand48(first.tv_sec) to get the seed of the random function lrand438()),
values of k = 5, 7 and 10, and values of n = 10,000, 50,000, and 100,000. We run the

“programs (hskdlist.cc and kdtest.cc) 900 times. Each time the application reported the
number of data points found in the positive side of the hyper plane.

The C++ pseudo-code for the test runs can be found in Algorithm 6.3. It contains
pseudo-code for the main driver used in testing the modified k-d Search Skip List along with

pseudo-code for the driver functions to accomplish the half-space range searching of the data
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structures. The complete source code for the modified k-d Search Skip List can be found in

- Appendix H.

#include <iostream.h>

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

#include <limits.h>

#include <sys/time.h>  // library routines
#include "hskdlist.h"

#define SAMPLESIZE  100000L
#define QWAREARATIO 0.8
#define MILLISEC_PER_SEC 1000

main()

{

}

long startT, endT;

long i, keysA[SAMPLESIZE][k];

int j;

long* datalter = NULL; // pointer iterator of the array keysA
const long maxTest = 536870912L;

for (i=0L; i<SAMPLESIZE; i++)
{
for (5=0; j<k; j++)
randomly generate SAMPLESIZE k-dimensional data points;
}

KDSSkipList<long>  kdlist; /! Create an empty skiplist

BUILD the structure and output the construction time;

HALF-SPACE RANGE SEARCH the structure for the given hyper plane and
report the data points in the given side; .

DESTROY the structure and output the destruction time;

Algorithm 6.3 (a) Main driver routine for testing half-space range search algorithm.
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' Sub-driver BUILD

long unsucNum = QL;
startT = clock();
startT = clock(YMILLISEC_PER SEC;
datalter = keysAJ[0]; _
for (i=0L; i < SAMPLESIZE; i++)
{
if {0 = kdlist.insert{datalter))
UnsucNum-++;
Datalter +=k;
¥
endT = clock();
endT = clock( MILLISEC_PER SEC;
output unsucNum and endT-startT;

Sub-driver HALF-SPACE RANGE
SEARCH

long numfound = QL,;
get the hyper plane;
print the hyper plane;
startT = clock();
startT = clock()MILLISEC PER_SEC;
search the data structure for the
given hyper plane;
endT = clock();
endT = clock()/MILLISEC_PER _SEC;
output numFound and endT-startT;

Sub-driver DESTROY

long numFailDel = OL;
startT = clock(); '_
startT = clock()/MILLISEC PER_SEC;
datalter = &keysA[0][0];
for (i=0L; i<SAMPLESIZE; i++)
{

if (kdlist.deleteNode(*datalter) == 0)

NumFailDel++;
Datalter +=k;

H
endT = clock();
endT = clock(YMILLISEC PER SEC;
output numFailDel and endT-startT;

Algorithm 6.3 (b) Sub-driver routines for testing half-space range search algorithm.

We now analyze the half-space range search times. The average half-space range
search times for the testing done here are given in Table 8. These times correspond to the

increases in search time for an increase in dimension k and sample size n.

Table 8 (Appendix G), below, provides the average half-space range search times
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obtained from our tests by classifying the percentage of points in range as 10% or less, 40
to 60%, and 90% or more. Examining the average search time of Table 8 leads us fo

conclude that the half-space range search procedure is correct and very efﬁcieﬁt, behaving

as predicted in our analysis,

The average half-space range search tgril: 1(Tnli?liseconds) for the k-d Search Skip List
% of points in range 10% or less 40 to 60% 90% or more
k # points Average search time in milliseconds
10* 0 5.4 17
> 5*10 0.8 45 90
10° 2 110 186
104 0 10 19
7 5*10* 1 55 105.4
10° 2.6 130 213
10* 3 9.7 22
10 5*10* 44 55.6 99.4
10° 9 106.6 195.5

Appendix F and G give additional data and results on the testing which was

performed on sol.
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Chapter 7
CONCLUSIONS

7.1 Summary

We conclude that there is a k-dimensional data structure allowing dynamic updates
and range search (orthogonal range search, semi-infinite range search and half-space range
search) which maintains a linear storage requirement and logarithmic preprocessing cost. We
label this k-d data structure as the k-d Search Skip List.

We have developed a simple, efficient algorithm and data structure for half-space
range search based on the k-d Search Skip List. The dynamic updéte time of O(klog ») is the
fastest we currently know of for a data structure supporting dynamic k-d half-space range
search. In addition, this approach has an advantage of conceptual and programming
simplicity compared to other implementations.

The algorithms presented here can search and report data points in a given query
window or in a given side of query hyper plane, The analysis of these algorithms in the
worst case has been studied. For our algorithm, the k-d oﬁhogonal range search and k-d
half-space range reporting time is O(kn).

The lower bound on time for k-d semi-infinite range search on k-d data points has
also been studied, both with and without restriétion on the space requirement. This lower

bound without space restriction was shown to be Q(klog ), and
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there is a space-time trade-off
(log T' + log log n) = Q(n(log n)%), where 8 = 1 for k=2, 0 = 2 for k¥ 23, and T’ is the
scaled query time defined in Chapter 4.

The algorithms and data structures reported here are likely to be useful in real
applications. Our implementations of these data structures are extremely fast on average for
k-d orthogonal range search, semi-infinite range search and half-space range search, even
for relatively large k and n. In addition, our algorithms provide very good support for highly
dynamic applications due to the guaranteed upper l;ound of O(klog ») time on any single
insertion or deletion.

Dynamic implementations of the k-d Search Skip List are feasible and have been
implemented and tested here. On average, only 1048 milliseconds was required to report

50% of the points in range for a 10-d orthogonal range search for n = 100,000; about 800

milliseconds was required to report 50% of the points in range for a 10-d semi-infinite range

search for n = 100,000; and 106 milliseconds was required to report 50% of the points in

range for a 10-d half-space range search for n = 100,000. The constants in the update

procedures are reasonable, given the linear space requirement.

7.2 Future Work

In this thesis we have made a number of assumptions about our data set, it’s size,
including that of k << n and no points falling on the hyper plane. The question is: what

happens to our analysis if points do fall on the hyper plane?
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The implementations of the k-d Search Skip List are extremely fast on a\«"erage for
k-d orthogonal range search, semi-infinite range search and half-space range search, What
would be the upper bound of the average case search time?
There is a trade-off with the worst case range reporting time which now becomes
O(kn). As suggested in Chazelle [1990), this leads one to ask if there is some lower bound
on P(n, k)S(n, k)Q(n, k)U(n, k), for P = preprocessing time, S = storage space, Q = time to
perform range searching for a given hyper plane, and U = time to perform a single update
(insert or delete) operation. In our case, this product is O(k*n’log’n) (ignoring the time t for
reporting). Other space/time trade-off studies (e.g. Bronnimann et al [1993]) have been
carried out, and prove that if m units of storage are available, then the worst-case query time
(for k-d half-space range searching) must be on the order of (n/logn)! & Vx&-0/m* What
tfade—offs exist if dynamic operations are considered?
| Other questions concern that of extending the domain from k-d data points to k-d line
segments. How are the range searches (orthogonal range search, semi-infinite range search
and half-space range search) done for line segments? What lower boundé exist for k-d line
segment range searching? Can a structure similar to the k-d Search Skip List be used for line

segments?

In the section on lower bounds (Chapter 4.2), is there an algorithm to tighten the

lower bound of the product of time and space in the tree model?
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Appendix A
Raw Construction and Destruction Time for

Testing the k-d Search Skip List
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Table Al (a)

Raw construct time for pass 1 of run 1 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n=1,000 n = 10,000 n = 100,000
2 70 490 8580
5 80 1040 14590
10 170 2620 21780
Table Al (b)

Raw destruct time for pass 1 of run 1 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 60 640 12770
5 90 1440 22080
10 180 2080 33540
Table A2 (a)

Raw construct time for pass 2 of run 1 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n=1,000 n = 10,000 n = 100,000
2 70 480 8480
5 70 1400 15730
10 120 1950 22780
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Raw destruct time for pass 2 of run 1 for testing k-d Search Skip List

Table A2 (b)

k Raw destruct time(milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 60 620 13120
5 120 1720 21550
10 130 2590 31780

Raw construct time for pass 3 of run 1 for testing the k-d Search Skip List

Table A3 (a)

k Raw construct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 80 600 9060
5 50 960 14100
10 180 1540 25410
Table A3 (b)

Raw destruct time for pass 3 of run 1 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 60 1010 15320
S 80 1500 22260
10 190 2030 34190
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Table A4 (a)

Raw construct time for pass 1 of run 4 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 70 520 9830
5 70 1070 16540
10 100 1630 23140
Table A4 (b)

Raw destruct time for pass 4 of run 1 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)

n= 1,000 n = 10,000 n = 100,000
2 60 830 15240
5 80 1700 22170
10 150 2030 34370

Table A5 (a)

Raw construct time for pass 5 of run 1 for testing the k-d Search Skip List

Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 100 480 9130
5 70 960 13170
10 130 1520 23140
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Raw destruct time for pass 5 of run 1 for testing the k-d Search Skip List

Table A5 (b)

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 90 740 14290
5 100 1500 20420
10 130 2090 34850
Table A6 (a)
Raw construct time for pass 1 of run 2 for testing the k-d Search Skip List
k Raw construct time (milliseconds)
n= 1,000 n = 10,000 - n= 100,000
2 110 540 8630
5 60 1090 13630
10 160 2230 22020
Table A6 (b)

Raw destruct time for pass 1 of run 2 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 140 670 13670
5 80 3380 19860
10 130 2300 32200
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Raw construct time for pass 2 of run 2 of initial testing the k-d Search Skip List

Table A7 (a)

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 40 520 8670
5 80 890 14140
10 110 1620 22700
Table A7 (b)
Raw destruct time for pass 2 of run 2 for testing the k-d Search Skip List
k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 60 660 14500
5 80 1200 19840
10 140 2100 31950
Table A8 (a)
Raw construct time for pass 3 of run 2 for testing the k-d Search Skip List
k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 70 760 8990
5 110 860 14300
10 120 1540 22550
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Raw destruct time for pass 3 of run 2 for testing the k-d Search Skip List

Table A8 (b)

Raw construct time for pass 4 of run 2 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 70 1030 13590
5 120 1670 20580
10 120 2460 32090
Table A9 (a)

Raw destruct time for pass 4 of run 2 of initial testing the k-d Search Skip List

k Raw construct time (milliseconds)
n= 1,000 n = 10,000 ~ n=100,000
2 30 480 8730
5 60 840 14320
10 110 1880 21450
Table A9 (b)

k Raw destruct time (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 40 980 14190
5 50 1420 20630
10 120 2480 33370




Raw construct time for pass 5 of run 2 for testing the k-d Search Skip List

Table A10 (a)

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 40 520 9060
5 70 880 13210
10 120 1970 22080
Table A10 (b)

Raw destruct time for pass 5 of run 2 for testing the k-d Search Skip List

k Raw destruct time (millisecond_s)
n= 1,000 n = 10,000 n = 100,000
2 40 670 14150
5 80 1530 20550
10 120 2660 30520

Raw construct time for pass 1 of run 3 for testing the k-d Search Skip List

Table All (a)

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 60 620 8840
5 70 830 13080
10 130 1600 25760




Raw destruct time for pass 1 of run 3 for testing the k-d Search Skip List

Table A1l (b)

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n= 100,000
2 60 630 14930
5 70 1320 21210
10 140 2230 31610
Table A12 (a)

Raw construct time for pass 2 of run 3 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n=1,000 n = 10,000 - n= 100,000
2 30 680 9070
5 100 860 14060
10 110 1960 23560
Table A12 (b)

Raw destruct time for pass 2 of run 3 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n= 10,000 n = 100,000
2 40 790 14020
5 90 1180 23490
10 140 2660 32330




Raw construct time for pass 3 of run 3 for testing the k-d Search Skip List

Table Al3 (a)

k Raw construct time (milliseconds)
n=1,000 n= 10,000 n = 100,000
2 30 540 8740
5 60 880 14100
10 130 1540 22460
Table A13 (b)

Raw destruct time for pass 3 of run 3 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 " n=100,000
2 40 800 13240
5 70 1300 20950
10 140 2060 34090
Table Al4 (2)

Raw construct time for pass 4 of run 3 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 40 590 9590
5 100 890 13220
10 110 2170 22500




Raw destruct time for pass 4 of run 3 for testing the k-d Search Skip List

Table Al4 (b)

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 40 800 13940
5 70 1200 20710
10 100 2710 31240

Raw construct time for pass 5 of run 3 for testing the k-d Search Skip List

Table Al5 (a)

k Raw construct time (milliseconds)
n=1,000 n = 10,000 * n = 100,000
2 40 520 8650
5 70 960 14990
10 110 1540 22110

Raw destruct time for pass 5 of run 3 for testing the k-d Search Skip List

Table A15 (b)

k Raw destruct time (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 40 630 15610
5 60 1230 20680
10 140 2120 31140




Table A16 (a)

Raw construct time for pass 1 of run 4 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 30 470 9430
5 90 870 15190
10 130 1940 22170
Table A16 (b)

Raw destruct time for pass 1 of run 4 for testing the k-d Search Skip List

k Raw destruct time (miIIisecond__’s)
n= 1,000 n = 10,000 n = 100,000
2 40 600 14810
5 120 1240 19070
10- 140 2660 34940
Table A17 (a)

Raw construct time for pass 2 of run 4 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 30 500 8540
5 110 1140 13660
10 120 1660 23000




Table A17 (b)

Raw destruct time for pass 2 of run 4 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n= 100,000
2 50 650 13980
5 100 1370 21170
10 130 2082 31210
Table AI8 (a)

Raw construct time for pass 3 of run 4 for testing the k-d Search Skip List

k Raw construct time (milliseconds)

n = 1,000 n = 10,000 n = 100,000
2 40 460 8850
5 70 1080 13800
10- 170 1530 22510

Table A18 (b)
Raw destruct time for pass 3 of run 4 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)

n= 1,000 n = 10,000 n = 100,000
2 50 620 14270
5 110 1520 21150
10 190 2150 31120
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Raw construct time for pass 4 of run 4 for testing the k-d Search Skip List

Table A19 (a)

k Raw construct time (milliseconds)
n=1,000 n = 10,000 n = 100,000
2 30 530 8320
5 70 890 13150
10 120 1650 24000
Table A19 (b)

Raw destruct time for pass 4 of run 4 for testing the k-d Search Skip List

k Raw destruct time (millisecond__s)
n=1,000 n= 10,000 n = 100,000
2 50 1050 13000
5 70 1200 19650
10 110 2260 32320
Table A20 (a)
Raw construct time for pass 5 of run 4 for testing the k-d Search Skip List
k Raw construct time (milliseconds)
n=1,000 n = 10,000 n = 100,000
2 40 740 8960
5 70 880 12800
10 190 1620 23200
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Raw destruct time for pass 5 of run 4 for testing the k-d Search Skip List

Table A20 (b)

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 70 900 8960
5 70 1160 20840
10 80 2170 35170

Raw construct time for pass 1 of run 5 for testing the k-d Search Skip List

Table A21 (a)

k Raw construct time (milliseconds)

n= 1,000 n= 10,000 - n=100,000
2 40 530 8530
5 80 840 14730
10 100 1770 23710

Table A21 (b)

Raw destruct time for pass 1 of run 5 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 60 1010 13640
5 100 1370 19380
10 140 2230 33440
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Table A22 (a)

Raw construct time for pass 2 of run 5 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 60 510 8530
5 80 860 13660
10 130 2240 22820

Table A22 (b)

Raw destruct time for pass 2 of run 5 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 60 1040 14230
5 80 1210 19540
10 130 2940 43400

Table A23 (a)

Raw construct time for pass 3 of run 5 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 50 520 8020
5 60 980 13210
10 90 1600 24500
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Raw destruct time for pass 3 of run 5 for testing the k-d Search Skip List

Table A23 (b)

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 40 640 14480
5 70 1630 21660
10 80 2080 32920
Table A24 (a)

Raw construct time for pass 4 of run 5 for testing the k-d Search Skip List

k Raw construct time (millisecond_‘s)
n = 1,000 n = 10,000 n = 100,000
2 40 500 8530
5 80 860 13480
10 160 1670 22640
Table A24 (b)

Raw destruct time for pass 4 of run 5 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 60 640 13700
5 100 1170 19800
10 160 2390 33580




Table A25 (a)
Raw construct time for pass 5 of run 5 for testing the k-d Search Skip List

k Raw construct time (milliseconds)

n= 1,000 n = 10,000 n = 100,000
2 40 460 8190
5 70 850 13170
10 110 1600 23290

Table A25 (b)

Raw destruct time for pass 5 of run 5 testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 60 680 14270
5 70 1160 20180
10 140 2090 34160
Table A26 (a)

Raw construct time for pass 1 of run 6 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 40 560 8240
5 60 1070 15400
10 100 1580 23030




Table A26 (b)

Raw destruct time for pass 1 of run 6 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 50 780 13570
5 60 1580 29840
10 130 2750 31580
Table A27 (a)

Raw construct time for pass 2 of run 6 for testing the k-d Search Skip List

k Raw construct time (millisecond_‘s)

n= 1,000 n= 10,000 n= 100,000
2 70 550 9220
5 70 970 14840
10 120 1650 23340

Table A27 (b)
Raw destruct time for pass 2 of run 6 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)

n = 1,000 n = 10,000 n = 100,000
2 80 800 15270
5 70 1380 22330
10 130 2100 32430
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Raw construct time for pass 3 of run 6 for testing the k-d Search Skip List

Table A28 (a)

k Raw construct time (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 70 540 8450
5 70 900 14060
10 110 1670 23300
Table A28 (b)

Raw destruct time for pass 3 of run 6 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 70 690 13290
5 110 1140 19960
10 130 2640 31690
Table A29 (a)

Raw construct time for pass 4 of run 6 for testing the k-d Search Skip List

k Raw construct time (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 30 530 9150
5 70 920 13700
10 110 21060 22840




Table A29 (b)

Raw destruct time for pass 4 of run 6 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n = 1,000 n = 10,000 n = 100,000
2 50 850 14340
5 70 1220 19600
10 130 2540 31610
Table A30 (a)

Raw construct time for pass 5 of run 6 for testing the k-d Search Skip List

k Raw construct time (millisecond_s)
n= 1,000 n = 10,000 n = 100,000
2 40 510 8560
5 90 860 13520
10 150 1670 24350
Table A30 (b)

Raw destruct time for pass 5 of run 6 for testing the k-d Search Skip List

k Raw destruct time (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 80 780 13770
5 120 1480 21940
10 180 2050 33860
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Appendix B
Average Construction and Destruction Time for Each Test

Run of the k-d Search Skip List
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Construct time average for run 1 of testing of the k-d Search Skip List

Table B1 (a)

k Construct time average (milliseconds)
n=1,000 n = 10,000 n= 100,000
2 78 514 9028
5 74 1086 14826
10 140 1852 23250
- Table B1 (b)

Destruct time average for run 1 of testing of the k-d Search Skip List

k Destruct time average (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 .66 768 14148
5 94 1572 21696
10 156 2164 33826
Table B2 (a)
Construct time average for run 2 of testing of the k-d Search Skip List
k Construct time average (milliseconds)
n=1,000 n= 10,000 n = 100,000
2 48 564 8816
5 86 912 13920
10 124 1848 22160

113



Table B2 (b)

Destruct time average for run 2 of testing of the k-d Search Skip List

k Destruct time average (milliseconds)

n = 1,000 n = 10,000 n = 100,000
2 38 802 14020
5 94 1455 20292
10 126 2400 32026

Table B3 (a)

Construct time average for run 3 of testing of the k-d Search Skip List
k Construct time average (milliseconds)

n= 1,000 n = 10,000 n = 100,000
2 40 590 8978
5 80 884 13890
10 118 1762 23278

Table B3 (b)

Destruct time average for run 3 of testing of the k-d Search Skip List

k Construct time average (milliseconds)

n= 1,000 n = 10,000 n = 100,000
2 44 730 14348
5 72 1246 21408
10 132 2354 32082
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Construct time average for run 4 of testing of the k-d Search Skip List

Table B4 (a)

k Construct time average (milliseconds)
n= 1,000 n = 10,000 n= 100,000
2 34 540 8820
5 82 972 13720
10 146 1680 22976
Table B4 (b)
Destruct time average for run 4 of testing of the k-d Search Skip List
k Destruct time average (milliseconds)
n = 1,000 n = 10,000 ~ n=100,000
2 52 764 11384
5 74 1298 20376
10 140 2264 32952
Table BS (a)

Construct time average for run $ of testing of the k-d Search Skip List

k Construct time average (milliseconds)
n = 1,000 n= 10,000 n = 100,000
2 46 504 8360
5 74 878 13650
10 118 1776 23392
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Table BS (b)

Destruct time average for run 5 of testing of the k-d Search Skip List

k Destruct time average (milliseconds)
n= 1,000 n = 10,000 n = 100,000
2 56 802 14064
5 84 1308 20112
10 130 2346 33525
Table B6 (a)

Construct time average for run 6 of testing of the k-d Search Skip List

k Construct time average (milliseconds)
n= 1,000 n = 10,000 - n= 100,000
2 50 538 8724
5 72 944 14304
10 118 1642 23372
Table B6 (b)

Destruct time average for run 6 of testing of the k-d Search Skip List

k Destruct t time average (milliseconds)
n= 1,000 n=10,000 n = 100,000
2 66 780 14048
5 86 1360 20957
10 140 2416 32234




Table B7 (a)

Construct time average for all test runs of of the k-d Search Skip List

k Construct time average (milliseconds)
n= 1,000 n= 10,000 n = 100,000
2 44 542 8788
5 78 946 14051
10 127 1760 23071
Table B7 (b)

Destruct time average for all test runs of of the k-d Search Skip List

k Destruct time average (milliseconds)
n = 1,000 n = 10,000 - n=100,000
2 57 774 13669
5 84 1373 20807
10 137 2324 32774
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Appendix C
Raw Insertion and Deletion Constant for

Testing the k-d Search Skip List
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Table C1 (a)

Insertion constant for pass 1 of run 1 for testing the k-d Search Skip List
k Insertion constant
n=1,000 n = 10,000 n = 100,000
2 11.63 8.14 14,25
5 5.32 6.91 9.69
i0 5.65 8.70 7.24

Table C1 (b)

Deletion constant for pass 1 of run 1 for testing the k-d Search Skip List

k Deletion constant
n= 1,000 n= 10,000 n = 100,000
2 9.97 10.63 IS
5 5.98 9.57 14.67
10 5.97 6.48 7.57
Table C2 (a)
Insertion constant for pass 2 of run 1 for testing the k-d Search Skip List
k Insertion constant
n=1,000 n = 10,000 n = 100,000
2 11.63 7.97 14.09
5 4,65 9.30 10.45
10 3.99 6.48 7.57
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Table C2 (b)

Destruction constant for pass 2 of run 1 for testing the k-d Search Skip List

k Destruction constant
n = 1,000 n= 10,000 n = 100,000
2 9.97 10.30 21.80
5 7.97 11.43 14.32
10 432 8.60 10.56

Table C3 (a)

Insertion constant for pass 3 of run 1 for testing the k-d Search Skip List

k Insertion constant
n = 1,000 n = 10,000 n = 100,000
2 13.28 9.97 15.05
5 5.30 6.38 9.37
10 5.98 5.12 8.44

Table C3 (b)

Destruction constant for pass 3 of run 1 for testing the k-d Search Skip List

k Destruction constant
n=1,000 n = 10,000 n = 100,000
2 9.97 16.78 25.45
5 5.32 9.97 14.79
10 6.31 6.74 11.36
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Table C4 (a)

Insertion constant for pass 4 of run 1 for testing the k-d Search Skip List

k Insertion constant
n = 1,000 n= 10,000 n = 100,000
2 11.63 8.64 16.43
5 4.65 7.11 10.99
10 3.32 541 7.69

k

Table C4 (b)

Destruction constant for pass 4 of run 1 for testing the k-d Search Skip List

Destruction constant

n=1,000 n=10,000 n = 100,000
2 9.97 13.79 T 2531
5 5.32 11.29 14.73
10 4.98 6.74 11.42
Table C5 (a)
Insertion constant for pass 5 of run 1 for testing the k-d Search Skip List
k Insertion constant
n = 1,000 n= 10,000 n = 100,000
2 16.61 7.97 15.16
5 4.65 6.38 8.75
10 4.32 5.05 7.69
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Destruction constant for pass 5 of run 1 for testing the k-d Search Skip List

Table C5 (b)

k Destruction constant
n=1,000 n = 10,000 n = 100,000
2 14.95 12.29 23.74
5 6.64 9.97 13.57
10 432 6.94 11.58
Table C6 (a)

Insertion constant for pass 1 of run 2 for testing the k-d Search Skip List

k Insertion constant
n=1,000 n = 10,000 - n= 100,000
2 9.97 8.97 T 1433
5 7.31 7.24 9.05
10 5.32 7.41 7.31
Table C6 (b)

Destruction constant for pass 1 of run 2 for testing the k-d Search Skip List

k Destruction constant
n = 1,000 n = 10,000 n = 100,000
2 13.29 11.13 22.71
5 9.31 10.46 13.19
10 432 7.64 10.70
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Table C7 (a)
Insertion constant for pass 2 of run 2 of initial testing the k-d Search Skip List

k Insertion constant
n= 1,600 n= 10,000 n = 100,000
2 6.64 8.64 14.40
5 5.32 591 _ 9.39
10 3.65 5.38 7.54
Table C7 (b)
Destruction constant for pass 2 of run 2 for testing the k-d Search Skip List
k Destruction constant
n = 1,000 n = 10,000 ~n = 100,000
2 9.97 10.96 24.08
5 5.31 7.97 13.18
10 4.65 6.98 10.61
Table C8 (a)
Insertion constant for pass 3 of run 2 for testing the k-d Search Skip List
k Insertion constant
n = 1,000 n = 10,000 n = 100,000
2 11.63 12.62 14.93
5 7.31 5.71 9.50
10 3.98 5.12 7.49
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Table C8 (b)

Destruction constant for pass 3 of run 2 for testing the k-d Search Skip List

k

Destruction constant

n=1,000 n = 10,0600 n = 100,600
2 11.63 17.11 22.57
5 7.97 11.09 13.67
10 3.98 8.17 10.66
Table C9 (a)
Insertion constant for pass 4 of run 2 for testing the k-d Search Skip List
k Insertion constant
n= 1,000 n= 10,000 - n= 100,000
2 4.98 7.97 14,50
5 3.98 5.58 9.51
10 3.65 6.25 7.13

Table C9 (b)

k

Destruction constant

n = 1,000 n= 10,000 n = 100,000
2 6.04 16.28 23.57
5 3.32 9.43 13.70
10 3.99 8.24 11.09

Destruction constant for pass 4 of run 2 of initial testing the k-d Search Skip List
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Table C10 (a)
Insertion constant for pass 5 of run 2 testing the k-d Search Skip List

k Insertion constant
n = 1,000 n= 10,000 n = 100,600
2 6.64 8.64 15.05
5 4.65 5.85 8.77
10 3.98 6.54 7.33
Table C10 (b)
Destruction constant for pass 5 of run 2 for testing the k-d Search Skip List
k Destruction constant
n=1,000 n = 10,000 - n'=100,000
2 6.64 11.13 23.50
5 5.32 10.17 13.65
10 3.98 8.84 10.14

Table C11 (a)
Insertion constant for pass 1 of run 3 for testing the k-d Search Skip List

k Insertion constant
n=1,000 n=10,000 n = 100,000
2 9.97 10.30 14.69
5 4.65 5.51 8.69
10 4.32 532 8.56
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Table C11 (b)
Destruction constant for pass 1 of run 3 for testing the k-d Search Skip List

k Destruction constant
n = 1,000 n = 10,000 n= 100,000_
2 9.97 10.46 24.80
5 4.65 8.77 14.09
i0 4.65 741 10.51
Table C12 (a)
~_Insertion constant for pass 2 of run 3 for testing the k-d Search Skip List
k Insertion constant
n= 1,000 n = 10,000 - n=100,000
2 4.98 1120 15.06
5 6.64 31 9.34
10 3.65 6.51 - 7.83
Table C12 (b)
Destruction constant for pass 2 of run 3 for testing the k-d Search Skip List
k | Destruction constant
n=1,000 n = 10,000 n = 100,000
2 6.64 13.12 23.28
E 5.98 7.84 15.61
10 4.65 8.84 | 10.74
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Table C13 (a)
Insertion constant for pass 3 of run 3 for testing the k-d Search Skip List

kK Insertion constant
n= 1,000 n= 10,000 n = 100,000
2 4,98 _ 8.97 14.52
5 3.98 5.85 9.37
10 4.32 5.12 7.46

Table C13 (b) _
Destruction constant for pass 3 of run 3 for testing the k-d Search Skip List

k ' Destruction constant
‘n=1,000 n = 10,000 “n= 100,000
2 6.64 13.28 21.99
5 4.65 8.64 13.92
10 465 ' 6.84 11.32
Table C14 (a)
Insertion constant for pass 4 of run 3 for testing the k-d Search Skip List
k Insertion constant
n=1,000 n= 10,000 - n=100,000
2 6.64 9.80 15.93
5 - 6.64 5.91 8.78
10 432 7.21 7.47
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Table C14 (b)

Destruction constant for pass 4 of run 3 for testing the k-d Search Skip List

k Destruction constant '
n=1,000 n= 10,000 n = 100,000
2 6.64 13.29 23.15
5 4.65 7.97 13.76
10 332 9.00 10.38
Table C15 (a)
Insertion constant for pass 5 of run 3 for testing the k-d Search Skip List
k Insertion constant
n= 1,000 n = 10,000 - n= 100,000
2 6.64 8.64 14.37
5 4.65 6.38 9.96
10 3.65 5.12 7.34
Table C15 (b)
Destruction constant for pass 5 of run 3 for testing the k-d Search Skip List
k Destruction constant
n = 1,000 n = 10,000 n = 100,000
2 6.64 10.46 2593
5 3.98 8.17 13.74
10 4.65 7.04 10.34
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Table C16 (a)
Insertion constant for pass 1 of run 4 for testing the k-d Search Skip List

k Insertion constant

n = 1,000 n= 10,000 n = 100,000
2 4.98 7.81 15.66
5 5.98 5.78 10.09
10 4.32 6.44 7.36

_ Table C16 (b) _
Destruction constant for pass 1 of run 4 for testing the k-d Search Skip List

k Destruction constant

n= 1,000 - n= 10,000 -~ n= 100,000
2 - 6.64 9.97 24.60
5 7.97 _ 8.24 12.67
10 4.65 8.84 11.61

Table C17 (a)
Insertion constant for pass 2 of run 4 for testing the k-d Search Skip List

k ' Insertion constant

n = 1,000 i = 10,000 n = 100,000
2 4.98 8.30 14.18
5 7.30 : 7.57 9.08
10 3.99 5.51 7.64
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Table C17 (b) |
Destruction constant for pass 2 of run 4 for testing the k-d Search Skip List
k Destruction constant
n = 1,000 n= 10,000 n = 100,000
2 8.30 10.80 23.22
5 6.64 9.10 14.07
10 4,32 6.92 10.37
Table C18 (a)
Insertion constant for pass 3 of run 4 for testing the k-d Search Skip List
k Insertion constant _
n= 1,000 n = 10,000 n = 100,000
2 6.64 7.64 14.70
5 4,65 7.18 9.17
10 5.65 5.08 7.48
Table C18 (b)
Destruction constant for pass 3 of run 4 for testing the k-d Search Skip List
k | - Destruction constant
n = 1,000 n = 10,000 n = 100,000
2 8.30 : 10.30 23.70
5 7.31 10.09 14.05
10 6.31 | 7.14 10.34
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| Table C19 (a) |
Insertion constant for pass 4 of run 4 for testing the k-d Search Skip List

k Insettion constant

n = 1,000 n = 10,000 n = 100,000
2 4.98 8.80 13.82
5 4.65 5.91 8.74
10 399 5.48 7.97

Table C19 (b)
Destruction constant for pass 4 of run 4 for testing the k-d Search Skip List

k Destruction constant

n=1,000 n = 10,000 n = 100,000
2 8.30 17.44 21.59
5 4.65 7.97 13.06
10 3.65 7.51 10.74

Table C20 (a)
Insertion constant for pass 5 of run 4 for testing the k~d Search Skip List

k Insertion constant

n = 1,000 n = 10,000 n = 100,000
2 . 6.64 12.29 14.88
S 4.65 5.85 8.50
10 6.31 5.38 - 771
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_ Table C20 (b)
Destruction constant for pass

5 of run 4 for testing the k-d Search Skip List
k Destruction constant .
n= 1,000 n = 10,000 n = 100,000
2 11.63 1495 24.88
5 4.65 771 13.85
10 2.66 7.21 11.68

Table C21 (a)

Insertion constant for pass 1 of run 5 for testing the k-d Search Skip List
k Insertion constant
n= 1,000 n = 10,000 n = 100,000
2 6.64 8.80 14.17
5 5.24 5.58 9.79
10 3.32 5.88 7.87

Table C21 (b)

Destruction constant for pass 1 of run 5 for testing the k-d Search Skip List
k Destruction constant
n=1,000 n = 10,000 n = 100,000
2 9.97 16.78 22.66
5 6.64 9.10 12.88
10 4.65 7.41 11.11
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Table C22 (a)
Insertion constant for pass 2 of run 5 for testing the k-d Search Skip List

k Insertion constant
n= 1,000 n= 10,000 n = 100,000
2 997 8.47 14.17
5 5.32 5.71 9.08
10 432 7.44 _ 7.58
Table C22 (b)
Destruction constant for pass 2 of run 5 for testing the k-d Search Skip List
k Destruction constant )
n= 1,000 n = 10,000 n = 100,000
2 9.97 17.27 23.64
5 5.32 8.04 12.98
10 4,32 9.77 14.42

Table C23 (a)
Insertion constant for pass 3 of run 5 for testing the k-d Search Skip List

k - Insertion constant
n = 1,000 n = 10,000 n = 100,000
2 8.30 8.64 13.32
5 3.99 6.52 8.77
10 2.99 5.31 8.14
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Table C23 (b)
Destruction constant for pass 3 of run 5 for testing the k-d Search Skip List -

k Destruction constant
n = 1,000 n = 10,000 n = 100,000
2 6.64 10.63 24.05
5 4.65 - 10.83 14.39
10 2.66 6.91 10.94
Table C24 (a)
Insertion constant for pass 4 of run 5 for testing the k-d Search Skip List
k Insertion constant _
n = 1,000 n= 10,000 n = 100,000
2 6.64 8.30 14.17
5 5.32 5.71 . 8.96
10 5.32. 5.55 7.52
Table C24 (b) |
Destruction constant for pass 4 of run 5 for testing the k-d Search Skip List
k Destruction constant
n= 1,000 n= 10,000 n = 100,000
2 9.97 10.63 2276
5 6.64 7.77 13.15 -
10 532 7.97 11.16
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Table C25 (a)
Insertion constants for pass 5 of run 5 for testing of the k-d Search Skip List

k Constant ¢ for insertion averages
n=1,000 n = 10,000 n = 100,000
2 6.64 7.64 13.60
5 4.65 5.65 8.75
10 . 3.65 5.32 7.74
Table C25 (b)
__Destruction_constant for pass 5 of run 5 testing the k-d Search Skip List
k Destruction constant
n = 1,000 n = 10,000 n = 100,000
2 9.97 11.29 - 23790
5 4.65 7.71 13.40
10 465 6.95 11.33
Table C26 (a)
Insertion_constant for pass 1 of run 6 for testing the k-d Search Skip List
k Insertion constant
n= 1,000 n = 10,000 n = 100,000
2 6.64 9.30 13.69
s 3.99 7.11 1023
10 3.32 - 525 7.65
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Table C26 (b)

Destruction constant for pass 1 of run 6 for testing the k-d Search Skip List

k Destruction constant
n = 1,000 n = 10,000 n = 100,000
2 8.30 12.96 22.54
5 3.99 10.50 19.83
10 4.32 9.14 10.49
Table C27 (a)

Insertion constant for pass 2 of run 6 for testing the k-d Search Skip List

k Insertion constant )
n= 1,000 n = 10,000 n = 100,000
2 11.63 9.14 15.31
5 4.65 6.44 9.86
10 3.99 548 7.75
Table C27 (b)
Destruction constant for pass 2 of run 6 for testing the k-d Search Skip List
k Destruction constant
n= 1,000 n= 10,000 n = 100,000
2 8.28 13.29 25.36
5 4,65 9.17 14.84
10 4.32 6.98 10.77
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Table C28 (a)

Insertion constant for pass 3 of run 6 for testing the k-d Search Skip List

k Insertion constant _
n = 1,000 n = 10,000 n = 100,000
2 11.63 8.97 14.04
5 4.65 5.98 9.34
10 3.65 5.55 7.74
Table C28 (b)
Destruction constant for pass 3 of run 6 for testing the k-d Search Skip List
k Destruction constant
n=1,000 n=10,000 n = 100,000
2 11.63 11.46 22.07
5 7.31 7.57 13.26
10 4.32 8.77 10.53
Table C29 (a)
Insertion constant for pass 4 of run 6 for testing the k-d Search Skip List
k Insertion constant
n= 1,000 n= 10,000 n = 100,000
2 4.98 8.80 15.19
5 4.65 6.11 9.10
10 3.65 6.98 7.59
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Insertion constant for pass 4 of run 6 for testing the k-d Search Skip List

Table C29 (b)

k Insertion constant
n = 1,000 n = 10,000 n = 100,000
2 8.30 14.17 23.82
5 4.65 8.11 13.02
10 4.32 8.44 10.50
Table C30 (a)
Insertion constant for pass 5 of run 6 for testing the k-d Search Skip List
k Insertion constant ’
n= 1,000 n = 10,000 n = 100,000
2 6.64 8.47 14.22
5 5.98 5.71 8.98
10 4.98 5.54 8.08
Table C30 (b)

Insertion constant for pass 5 of run 6 for testing the k-d Search Skip List

k Insertion constant
n= 1,000 n = 10,000 n = 100,000
2
5
10
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Appendix D
Insertion and Deletion Constant for Each Test Run

of the k-d Search Skip List
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Table D1 (a)

Constant for insertion average for run 1 of testing the k-d Search Skip List

k Constant ¢ for insertion average _
n=1,000 n = 10,000 n= 100,000
2 12.96 8.54 14,99
5 4.91 7.22 9.85
10 4.65 6.15 Xz
Table D1 (b) |
Constant for deletion average for run 1 of testing the k-d Search Skip List
k Constant for deletion average
n= 1,000 n = 10,000 - n= 100,000
2 10.96 12.75 2350
5 6.25 10.44 14.41
10 5.18 7.18 11.23

Table D2 (a)

Constant for insertion average for run 2 of testing the k-d Search Skip List

k Constant ¢ for insertion average
n=1,000 n= 10,000 n = 100,000
2 7.97 9.36 14.64
5 571 6.06 9.24
10 4.11 6.14 7.36
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Table D2 (b)

Constant for deletion average for run 2 of testing the k-d Search Skip List

k Constant for deletion average
n = 1,000 n= 10,000 n = 100,000
2 9.63 13.32 23.28
5 6.24 9.82 13.48
10 4,18 7.97 10.63

Table D3 (a)

Constant for insertion average for run 3 of testing the k-d Search Skip List

k Constant ¢ for insertion average
n= 1,000 n = 10,000 " n=100,000
2 6.64 979 14.91
5 5.31 5.87 9.22
10 4.05 5.85 6.33
Table D3 (b)

Constant for deletion average for run 3 of testing the k-d Search Skip List

k Constant for deletion average

n=1,000 n = 10,000 n= 100,000
2 7.30 12,12 23.81
5 4.78 8.28 14.15
10 4.65 6.21 11.28
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Table D4 (a)

Constant for insertion average for run 4 of testing the k-d Search Skip List

k Constant ¢ for insertion average
n= 1,000 n = 10,000 n = 100,000
2 5.64 8.97 14.64
5 5.44 6.46 9.11
10 4.85 5.58 7.61
- Table D4 (b)

Constant for deletion average for run 4 of testing the k-d Search Skip List

k Constant for deletion average
n= 1,000 n = 10,000 * n=100,000
2 8.63 12.70 23.58
5 6.24 8.01 13.53
10 431 7.52 10.94

Table D5 (a)

Constant for insertion average for run 5 of testing the k-d Search Skip List

k Constant ¢ for insertion average
n = 1,000 n = 10,000 n = 100,000
2 7.63 8.36 11.88
-5 4.89 5.83 9.17 .
10 3.91 5.89 7.77




Table D5 (b)
Constant for deletion average for run 5 of testing the k-d Search Skip List
k Constant ¢ for insertion average
n= 1,000 n = 10,000 n = 100,000
2 9.29 13.32 23.36
5 5.58 8.68 13.36
10 _ 432 . 6.60 11.78
: Table D6 (a)
Constant for insertion average for run 6 of testing the k-d Search Skip List
k Constant ¢ for insertion average
n= 1,000 - n=10,000 n = 100,000
2 7.30 8.90 14,46
5 4.78 5.27 9.50
10 3.91 5.76 7.76
. Table D6 (b)
Constant for deletion average for run 6 of testing the k-d Search Skip List
k Constant for deletion
n = 1,000 n = 10,000 - n=100,000
2 9.96 1296 - 23.33
5 5.71 9.03 15.10
10 4.65 _ 8.02 10.70
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Table I)7 (a)
Constant for insertion average for all test runs of the k-d Search Skip List

k Constant ¢ for insertion average

n= 1,000 n=10,000 n = 100,000
2 8.02 8.98 14.25
5 5.17 6.11 0.34
10 4,24 5.89 7.43

_ Table D7 (b)
Constant for deletion average for all test runs of the k-d Search Skip List

k | Constant ¢ for insertion average

n= 1,000 n = 10,000 n = 100,000
2 9.29 12.86 23.48
5 5.80 9.14 14.01
10 4.55 7.25 11.09
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Appendix E
Average Search Time for Each Test Run

of the k-d Search Skip List
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Table E1 (a)

The orthogonal range search time when dimension k= 2, size n = 10?

arcaratio | #nodes found | the search time in 5 passes (millisecond) average time
0% 0 0 0 0 0 0 0
10% _ 67 ¢ 0 0 10 0 2
30% 304 0 0 10 0 0 2
50% 497 1¢ G 0 0 0 2
30% 803 0 10 0 10 0 4
100% 997 ' 0 0 10 0 10 4

_ Table E1 (b)
The semi-infinite range search time when dimension k = 2, size n = 10°
area ratio #nodes | the search time in 5 passes (millisecond) | average time
found
0% 0 0 0 0 0 0 0
39.85% 96 0 0 0 0 0
83.89% 481 0 0 0 10 0 2
96.89% 702 10 0 0 0 0 2
91.25% 841 10 0 10 0 0 4
100% 997 10 10 10 0 0 6
Table E2 (a)
The orthogonal range search time when dimension k=2, size n=10*

arearatio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0. 0 ¢ -0 0 0 0
10% 798 0 16 10 10 10 8
30% 2648 C20 20 20 30 20 22
50% 4844 40 30 30 50 40 38
80% 7951 60 40 30 30 30 38
100% 9997 40 50 50 30 60 | 50
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Table E2 (b)

The semi-infinite range search time when dimension k = 2, size n = 10*

area ratio | # nodes found | the search time in 5 passes (millisecond) average time
0% 0 0 0 0 0 0 0
32.36% 1252 10 10 20 20 10 14
62.95% 5015 30 10 20 10 20 18
74.76% 5302 30 30 20 36 40 30
89.45% 8012 30 50 40 30 30 36
100% 9997 40 40 40 40 40 40

Table E3 (a)

The orthogonal range search time when dimension k= 2, size n = 10°

area ratio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 0 0 0 0
10% 7738 100 100 110 130 100 108
30% 27837 450 420 580 420 430 460
50% 48808 360 380 370 360 550 364
B0% 79517 500- 500 480 490 500 494
100% 99997 560 690 550 530 560 578

Table E3 (b)

The semi-infinite range search time when dimension k = 2, size n = 10°

area ratio #nodes | the search time in 5 passes (millisecond) | average time
found
0% 0 0 0 0 0 0 0
64.74% 28413 160 170 180 160 190 172
87.75% 49140 480 340 340 340 340 368
85.40% 63626 370 400 350 400 530 410
82.32% 80548 430 460 480 460 470 460
100% 99996 550 710 510 510 510 510
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Table E4 (a)

The orthogonal range search time when dimension k= 5, size n = 10°

arearat | #mnodes found | the search time in 5 passes (millisecond) average time

0% 0 0 0 G 0 0 0

10% 61 0 10 0 10 0 4
30% 264 0 0 0 0 ¢ 0
50% 462 0 0 0 10 10 4
80% 795 0 ¢ 0 0 0 0
100% 994 0 16 o 0 0 2

Table E4 (b)

The semi-infinite range search time when dimension k = 5, size n = 10°

area ratio | # nodes found | the search time in 5 passes (millisécond) average time
0% 0 0 0 0 0 0 0
36.01% 198 0 10 0 10 C 4
38.71% 347 10 10 10 10 10 10
74.27% 621 10 10 0 10 0 4
91.43% 872 0 0 10 10 0 4
100% 995 10 10 0 0 0 4
Table ES (a)

The orthogonal range search time when dimension k= 5, size n = 10*

area ratio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 0 0 0 0
10% 851 30 30 30 30 30 30
30% 2844 50 40 50 40 30 42
50% 4821 70 90 40 50 60 62
80% 7964 70 60 100 70 60 72
100% 9992 100 80 80 70 80 82
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Table ES (b)

The semi-infinite range search time when dimension k = 5, size n = 10*

area ratio | # nodes found | the search time in 5 passes (millisecond) average time
0% 0 0 0 0 0 0 0
24.22% 2141 60 50 60 60 70 60
57.56% 5170 40 40 50 50 50 42
70.77% 6730 50 70 50 40 50 52
91.74% 8851 50 50 80 60 60 60
100% 9954 70 60 50 60 50 56
Table E6 (a)
The orthogonal range search time when dimension k= 5, size n = 10°
arearatio | # nodes found | the search time in 5 passes (millisecond) | average time
0% ¢ 0 0 0 0 0 0
10% 8555 340 440 330 340 370 364 .
30% 28931 520 610 730 560 710 626
50% 49138 640 680 720 650 610 660
80% 79713 730 920 760 710 820 788
100% 99988 820 840 820 830 790 820
Table E6 (b)

The semi-infinite range search time when dimension k = 5, size n = 10°

arearatio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 0 0 0 0
42.44% 37270 450 480 420 420 410 436
57.69% 49066 500 540 730 550 630 590
74.13% 67253 640 680 720 650 610 628
91.25% 87435 730 920 760 710 820 788
100% 99989 700 750 710 750 690 720
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Table E7 (a)

The orthogonal range search time when dimension k= 10, size n = 10°

arearatio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 G 0 0 0
10% 93 10 0 0 0 0 2
30% 282 10 0 0 0 10 4
50% 452 10 10 10 10 10 10
80% 773 10 10 10 0 0 6
100% 986 10 -10 0 10 20 10
Table E7 (b)
The semi-infinite range search time when dimension k = 10, size n = 103
area ratio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 0 0 0 0
3241% 261 0 10 0 10 0 4
56.08% 500 10 0 20 10 10 10
64.99% 601 10 10 106 10 10 10
87.92% 832 0 0 0 10 0 2
100% 990 10 ¢ 0 o 0 2
Table E8 (a)

The orthogonal range search time when dimension k= 10, size n = 10

arearatio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 0 0 0 0
10% 884 100 70 70 80 120 88
30% 2897 70 90 80 - 80 100 R4
50% 4950 150 90 100 90 90 104
- 80% 7999 120 110 120 180 100 126
100% 9997 0 110 120 20 130 108
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Table E8 (b)

The semi-infinite range search time when dimension k = 10, sizen=10*

arearatio | # nodes found | the search time in 5 passes (millisecond) average time
0% 0 0 0 0 0 0 0
27.10% 2078 110 70 70 90 83 85
68.26% 6706 80 90 70 80 80 80
75.23% . 7314 90 80 90 40 70 74
87.17% 8572 90 110 90 100 90 96
100% 9998 90 90 100 80 a0 90
. Table E9 (a)

The orthogonal range search time when dimension k= 10, size n = 10°

arearatio | # nodes found | the search time in 5 passes (millisecond) | average time -
0% 0 0 ¢ 0 0 0 0
10% 9408 680 680 690 710 720 696
30% 28954 910 960 1300 880 920 994
50% 46212 1100 1060 990 1040 1050 1048
80% 79819 1240 1170 1130 1120 1180 1168
100% . 99596 1520 1190 1200 1220 1460 1318
Table E9 (b)
The semi-infinite range search time when dimension k = 10, size n = 10°
area ratio | # nodes found | the search time in 5 passes (millisecond) | average time
0% 0 0 0 0 0 0 0
43.06% 40522 740 800 780 810 710 768
56.39% 51163 830 770 990 810 850 850
74.07% 71921 1130 850 880 900 870 926
91.65% 20030 1240 850 920 920 910 988
100% 99995 910 960 930 940 1000 936
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Table E10

The average orthogonal range search time (milliseconds) for the k-d Search Skip List

% of points in range 0% 10% 30% 50% 80% . 100%
k # points Average search time in milliseconds
19° 0 2 2 2 4 4
2 i 0 8 22 38 38 50
10° 0 108 364 460 454 578
10° 0 4 0 4 0 2
5 10* 0 30 42 62 72 82
10° 0 364 626 660 788 820
10° 0 2 4 6 10 10
10 10° 0 88 84 104 126 108
10° 0 696 954 1048 1168 1318
Table E11
The average semi-infinite range search time (milliseconds) for the k-d Search Skip List
% of points in range _10% or less 40 to 60% 90% or more
k # points Average search time in milliseconds
10 0 0 4
2 104 4 16 38
10° 38 172 500
10° 1 4 10
5 10* 20 45 60
10° 100 500 762
10° 4 10 10
10 10° 38 70 90
10° 180 80¢ 960
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Appendix F
Half-Space Range Search Time for Each Test Run
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Table F1
The half-space range search time (milliseconds) when dimension k = 5, size n = 10

equation of the hyper plane _ #pts found search time | nodes %
X+, +10x; + 15x,+ 4x,= 16 9982 20 99.8%
18x, +x,+ 13x,=9 4768 10 47.7%
Tx - 2%, + 10x,-%;,=6 4766 10 47.7%
TR, + 4%y - 2%, - X5 = 0 4767 10 47.7%
9%, + 17%, + 3%, + 15%, + 18%, = -17 10000 10 100% -
Xy - Xg + Txy £ 2%+ 17x,= 10 161 10 1.6%
14x) +12x,+ Flx, + 17%,=2 9466 10 94.7%
5%+ 3x,+ Lox;-x, + L6x,= 16 4767 10 47.7%
16%, + 12x,+ 5x3+ 18x, + 15x, =4 8536 10 85.4%
E3x, + 14%,+ 10x,+ 5x, + 15x, = I8 9998 10 99.9%
5% + 17%,+ 14x,+ 1dx, + 14x, = 10 9999 20 99.9%
I8%) - X,- X3+ %, + 13x,=3 4767 0 47.7%
10X, + 2%+ 9%, + 12%, = 17 _ 9998 20 99.9%
X 125, X, + 18x, + 12%, =9 4471 10 44.7%
14x) + 5%+ 12%,+ 53, + 11x, =2 9998 20 99.9%
6x, + Tx, + 16x, + 13x,+ 10x;= 16 9217 20 92.2%
16, + 3%, + 15x; + 10x, + 9xs =13 9998 _ 20 89.9%
8%, + 6, - X5 - 2x, + Bxs =5 4768 . 10 47.7%
2%+ 2%, - 2%, T 16X, + Tx; =2 0 0 0%
Sxp+13x;, +12x, +x,+6x,=4 4766 0 47.7%
1%, +x, + 3%, +2x,= 18 9998 10 100%
8x + 2%, + 1Tx, + 7%, = 0 8206 20 82.0%
“2x; +16%, +4x, =17 0 10 0%
10x%; + x,+ 15x, + 12x,= 10 : 9998 10 100%
2x, + 3%, +4%;-xs=2 1251 0 12.5%
15x, + 6x, +9x; + 8%, - 2%, =16 4768 0 47.7%
9x, + 13%, - X, + 6x,+ 18x5=4 4769 0 47.7%
X, + 17, + 2x; +15x, +17x,=18 : 9233 10 92.3%
ldx, - x; + 7%, + 2%, + 7%, =10 4767 0 - 47.7%
6%, + X, + 11x; + 10x, + 16x, =2 9998 10 100%
-2x, + 9%, + 9%, +15 x,=12 7358 10 73.6%
13x, + 12%, + 5x; + 17x, + 14x, =4 9998 10 100%
2x, + 8%, +4x, + 14x, + 13x, =1 6681 10 66.8%
15x, + 10X, + 9x, + x, + 13%, =15 9999 10 100%
Tx, + 3%, + 13x, + 10x, + 12%; =8 9998 20 100%
| 8%+ 9%y + 12x, + Tx, + 11x,=5 9999 20 100%
6%, + 5%, + Elx, +4x,+ 10x,=2 ' 9218 20 92.2%
X, + 14x, + 2%, + 9x; =11 9997 20 100%
Flx, + 10x, + 8%, =8 9998 0 100%
3x; +12x, +4x, + 8x, + 8x, =1 8119 40 81.2%
16x; + 15, + 8%, + 17%, + Tx; =14 8906 20 89.1%
1lx, + 2%, - 2%, + [5x, + 6x; =2 8999 10 100%
4%, - %, + 17x, + 12%, + 5%, =0 4767 10 47.7%
15%, + 7, + 6%, + 11x, + 5%, =9 8040 20 80.0%
7%, + 9%, + 11%, - x, + 4%, =1 7569 10 75.6%
2%, + 18, + 18%, +4x, =10 3263 0 32.6%
15x%, + 4x, + 5x,+ 3%, =3 8531 20 85.3%
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The half-space range search time (mi

Table F2

Iliseconds) when dimension k = 5, size n = 10*

equation of the hyper plane #pts found search time | nodes %

12x, + 16x, + 15%, - 2x, =14 8797 10 88.0%
Xy + 15%; - 2%, + 5x, + 17x, =4 4768 0 47.7%
I5%, + 17%; + 2%y + 14x, + 16x, =18 9990 10 100%
2% - % - 2%, +11x,=3 4768 10 47.7%
Xyt 2%, + 8x, + 12x, + %, =17 0 0 0%

12%, +4x, +13x, =9 9999 10 100%
3x;+ 6x; + 18x, + 8x,=2 6438 30 64.4%
16%, +9x, +x, + 17x,=16 9998 10 100%
3% + 16, + 2%, - x5 = 17 4766 10 47.7%
Tx) +4%;, + 3%, - x4+ 18x;=2 4768 0 47.7%
18x%, +3x, + 16x, + 17x; =0 9274 10 92,75
12x, + 8x, + 13x,; + 15x, + 16%, =0 09998 10 100%
4%, + 11x, + 17%, + 2%, + 15%, =1 7571 10 75.75
“Xp - Xy T 6%, + 15x5=10 0 0 0%

14x; + 7x; + 16x, + 14x,=-1 8653 10 86.5%
6x; + 9%, + 7x, + 14x, =12 9216 10 92.2%
X, + 18x, + 10%, + 16x, + 13%5= 0 12 0 0.1%
13%,+ 14%, + 14x, + 12%, =14 9597 20 96.0%
5%, + 2%, - X5 + X,y + 12%, =6 4767 0 47.7%
<28 + 4%, +2x, + 10x, + 11x,=0 4606 10 46.1%
2%, + 9%, + 11x, + 5x,+ 9%, =5 9998 10 100%
18x; + 18x, + 4x, + 9x; =14 8797 10 §8.0%
3%, + 18%, + 11x, + 1dx, - x5 =3 8155. 20 81.5%
16%, + 15%, + x4 + 18x5=17 7569 10 75.7%
16x, + 4%, + 3%; - 2x, + 17x, =2 4768 0 47.7%
10%,+ 2%, + 15x, + 16x, =0 9968 190 100%
17%, + 11x, + 17x; + x4+ 14%, =1 9999 20 100%
9%, + 13x,+ 10x, + 14x, =15 9959 20 100%
Vix, + 3%, +15%, + I 7%, + 12x, =17 9998 10 100%
8x; + 6%, - x5 +4x, + 12x, =9 4769 0 47.7%
2 2%, -2, Tt 1k =6 0 o 0%

10X, + 4%, + 2x, + 9x, + 10x, =0 9998 10 100%
2%+ X, + 6%y + 9%, =17 8749 10 87.5%
10%, + x5 - 2%, + 2%, =14 0998 . 10 100%
2%, + 3%, +4%; + 5%, + x; =6 8618 10 86.2%
15x%; + 6x; + 9%, + 14x, + x5=-1 9959 20 100%
-+ 1%, +18%, + i0x, =5 4321 10 43.2%
[2%, + x13, + %, + 18x, ~ x;=-2 7569 10 75.7%
3x, + 15%, + 6%, + 5%, - 2x; =11 4766 10 47.7%
16x; + 18x, + 10x, + 14x, + 18x,=4 8015 20 80.2%
5%+ 14x%, + 9%, + L1x, + 17, =1 9997 20 100%
-2%) + 16x; + 14%; - x, + 16x, =15 0 0 0%

10%; - 2%, - 2%; + 6x4 + 16X =7 9599 10 100%
2x+ 2% + 15%, + 15%,=0 160 0 1.6%
18x, +9x, + 12x, + 13x, + 14x, =9 8799 10 88.0%
9%, + 11x, + 17x,+ [4x, =1 9596 10 96.0%
4x; - X, + 5%, + 13x,=10 4746 0 47.5%
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Table F3

The half-space range search time (milliseconds) when dimension k =5, sizen=5*%10*

equation of the hyper plane #pts found search time | nodes %
11x; +4x,+ 8x,=8 42153 100 84.3%
6x, + 13x, + 13x; + 12, + 2x, =17 49997 70 100%
10%; + 7%, - 2%, + 11x,+ [2x5=11 49996 100 100%
8x; - 2%, +10%; + 9%, + 4%, =9 45997 80 100%
14x, + 14x,+ 4%, - x; =0 37763 70 75.5%
6x+ 18x, + 13x; + 5x, + 16x; =16 39261 70 78.5%
14x, + 14x, + 10x,; + 15x, + 9%, =10 49996 80 100%
§x, + 16x, + 5x3+ 3x; =17 43662 100 87.3%
6% - 2%, - 2%, + 13x = -1 49997 90 100%
10x, - 2%, + 16%, + [8x, + 13x, =0 43854 90 87.7%
6x; + 14x, + 14x, + 9x, + 9x, =1 49998 90 100%
9%, +x, + 14x, + 5x, + 4%, =3 44213 80 88.4%
7%, + 5%, + 15%; + 15x, + 9%, =10 37762 80 - 75.5%
Sx; + 9%, + 14x, + 6x, + %,=9 45080 80 98.2%
Il%, + 12x; + 18x; + 14x, =2 46082 90 92.2%
Xp - 2%y + 10x, + 16x; =4 _ 49996 90 100%
7%, + 16%, + 8%, + 6%, + 10x,=16 43247 100 86.5%
16x%; + 18x, + 3%, + 12x,+ 5%, =1 45344 100 90.7%
6%+ X, T 2%, + 18x, + 14x, =18 44276 80 88.5%
Xy + 14xy + 12X, + 10x, + 8x; =5 49990 90 100% -
Txy+ 7%, + 3%, + 16x, =10 38496 80 77.05
X~ Xyt 5X, 5= 12 0 0 0%
4x) + 11x, + 8, + 10x, + 1dx; =17 49997 90 1005
7x, T 14x, + 11x, + 9%, + 6% =6 49998 100 100%
17x, + 7%y + 8%; + 15x, - 2%, =18 24124 40 48.2%
14x, + 15%, + 11x, + 8%, + 5%, =6 43019 100 86.4%
6%, + X, + 2% + 3%, + 17x, =1 46673 90 93.3%
17, + 15X, - X + 9%, + 9%, =13 43855 80 87.7%
-2%, + 10x,+ 3x, =17 25874 50 51.7%
8, + 11x, « %3 + 15x, + 14x, =14 43857 100 87.7%
18x, + 9, + T3 + 75, - X, =16 24143 40 48.3%
3x; + 15x, + 3%; + 2%, - X, =9 10842 20 21.7%
7%+ 17, + 6x; + 5%, +4x, =14 37596 70 75.2%
1lx+ 5% - x4 - X5 =13 24124 50 48.2%
2%, - 2%, + Xy + 3, + Txy =7 10846 20 21.75
11X, -%; - X4 +x5=8 24122 40 48.2%
| 3%+ 135%; + 4x, + 6x5,=9 10842 20 21.75
18x, +4x, + 17x, + 15x, + x,=0 24124 60 48.2%
X; + 15x; - Xy + 2%, + 3x, =9 16673 70 33.3%
3x, + 12%; + 18x, - x4 + 2%5 =6 24123 30 48/2%
Xy - Xoh 12%, + 9% = 16 30538 50 61.1%
13x%, + 12x; + 5%, - x, + 4%, =13 24123 50 48.25
6x, + 7x; + 3%, + 5x; =1 41899 100 83.8%
ldx, + %, + 2%, + 105, =5 49998 90 1005
6x; + 18%, + 13x; + 5x, + [6x,=16 39261 70 78.5%
10x, + [8x, + 11x; + 18x,+ 10x5 =13 43850 80 87.7%
125, + 5%, + 12x, + 14x, + 5%, =15 46060 120 92.1%
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Table F4 _
The half-space range search time (milliseconds) when dimension k = 5, size n =5* 10°

equation of the hyper plane #pts found search time | nodes %

1 5%, +16x, - 2x, + 18x, + 9%, =14 49998 90 100%
8, + 7x, + 10x, + 14x, =13 46213 110 92.4%
15x; + 16x, + 9%, + 8x; =12 _ 49997 100 100%
2%, - Xp + O%; + Xy + 65 =15 10802 20 21.6%
16, + 8x, + 17x; + 11x, - X, =0 24124 40 48.2%
8, + 10x, + 12x, + 18x, + 14x, =6 49998 90 100%
60X, + 18x, + 13%; + 14x, + 10x; =8 ~ 49998 80 100%
9x, +4x, + 5x4 + 18x, + 6x;5 =7 34664 70 69.3%
12%, + 11x, + 8%, + 10x, + 14x; =17 49998 70 100%
8xy + 15x; - x5+ 2%, + 4%, =% 24125 30 48.2%
Xy - 2%, + 14x, + 11x,=16 49998 90 100%
X+ 7%, + 16K, + 18x, + 5x5=-1 0 0 (%
%) - Xy - Xy T4x, +4x,=12 4975 10 9.5%
9%, + 2x, + 10x; + 17x, + 15x; =4 49997 90 100%
-2%, 1 14%, + 2%, +15 %, + Txs =2 0 0 0%
5x; + 14x, + 10, - x5 =-1 49997 30 100%
11x, + 15%,+ 17x, + 14x, =17 44375 80 88.8%
2%, + 4x, + 6x, =14 12639 30 25.3%
OX; + 2%, + 5x,+ 16%; =11 49998 " 90 100%
5%, + 11X, + 2%, - x, + 18, =6. 24125 40 48.2%
8x,+ 12x, + 10x, + 10x; =2 49997 90 100%
11x, +x, + 16x, + 9%, + 17x, =12 49997 100 100%
10, + 16x, + 16x,+ 11x, =10 43855 80 87.7%
2x, + 14x, + 15%, - 2x, + 4x; =14 24109 50 48.2%
14x, - x, + Llx; + 15x, + 5x, =6 41352 60 82.7%
11x, + 18x, - 2x, + 16x; =6 37763 80 75.5%
11x; + 15x, + L1x; - 2%, + 8%, =7 _ 49998 90 100%
Txy =%y + 11X, + 5x, + 11x,=14 24135 40 48.23%
12K, + 16x; +8x; + 3%, + 2xs =8 42243 90 84.5%
10x, +16x, + 7x, + L1x,=8 49997 90 100%
17%, + 15, + 108, + 15x,+ 17x; =1 43853 60 87.7%
Llx; + 8xy + 16x; + 2x, + 13x,=17 42150 90 : 84.3%
16X, + 15%, ~ X, + 3%, + 5%, =9 24125 _ 50 48.3%
12x, + 11x, + 8x; + 10x, + 14x; =17 49998 90 100%
10x, + 14%, + 2%, + 8x, + 2% =1 41587 100 83.2%
Xy 12%; + 16%; + 2%, + 11X, =0 49922 90 100%
145, + 5%; + Tx, + 14x,=12 42478 100 84.9%
3%+ 11x, + 18%, + dx, + 5x; =10 31085 80 62.2%
17%, - Xp + Tx; + L1, + 10x, =2 - 499977 80 100%
17%, + 16x, - x, + 2x, =-2 24125 50 48.2%
Xy - 2%5 + 15x3 + 16x, + 10x, =1 49996 100 100%
8%, +10xy +4x,=8 45009 %0 90%
10x, - 2%, + 6x; =15 49997 80 100%
18%; + 6%, +4x, + 7%, - 2%, =18 24123 50 48.2%
13, + X, + 13%, + 9%, =0 24124 50 48.2%
Lix; + £2%, +9x; - 2%,= 18 49998 100
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Table F5
The half-space range search time (milliseconds) when dimension k = 5, size n = 10°

equation of the hyper plane #pts found search time nodes %
2%, +x; +dxy + 18x, + 4x, =1 16868 100 16.9%
16x, + 3%, - X5 + 2%, - X; =8 48173 80 4825
2%t xy T + 1%+ 16%,=13 ' 0 0 0%
2%, + 14%, + 2x, + 10x, + 13x, =8 99994 220 100%
12%; + 6%, + X5 - X, =10 48173 90 48.2%
10x, + 8x, + 16x; + 17x, + 9%, =13 99994 : 200 100%
18x, + 17x, +4x, + 15x, + 8%, =1 86438 170 86.4%
2%, + 4x, + 16%, + Tx, + 18x, =18 27990 100 28.0%
8+ 18x; + 3x, + 12x,+ 4x, =1 84965 140 85.0%
17%, + 11x, + 8%, + 10x, + 14x, =17 99995 170 100%
17x, + 10x, + 13%, + 3%, - 2%, =10 99994 150 100%
16x, + 3x, + 8%, + 3x, =18 50228 270 90.2%
Lix,+ 5%, + 14%, + 17x, + 8x, =14 . Q0557 270 90.6%
10X, - %, + 9x; + 14x, + 14x; =1 92130 - 170 92.1%
2% + 9%, + 3%, + 8%, - 2x, =7 48028 100 48.0%
13%, + 11X, - x, + 14x, + [3x,=14 87647 160 87.7%
10x, + 11x; + 7x, + 15x, + 15x, =0 75410 140 75.4%
16x, + 12%, + 5%; + 12x, + 12x, =0 99594 230 100%
8x, + Bx, + 3x; + 7x, + 8x,=-2 88150 T 200 88.2%
10x, + 8x, + 4x, + 18x, =5 81767 230 81.8%
7x; + 8%, + 13x; +x,=12 93714 240 93.7%
Ox; - Xy + 7%; + 16x, + 4%, =18 48173 110 48.2%
12X, + 5%, + 10%, + 9%, + 12x,=6 ‘ 99964 180 100%
X T 5%, -x,=17 0 0 0%
15%; + 6x, + 9%+ dx, =3 81261 130 81.3%
=X, + 14x; - x, + 14x, =18 0 0 0%
10x, + 12x, + 14x; + 10x, + 3x;=-1 95994 180 100%
X, - 2%, + 9%, + 10%, + 14x,=4 99838 160 100%
6%, + 5%, + 5x, + 5x;=0 82228 310 82.2%
18, + 10%, + 14x, + x4+ Tx; =15 98328 190 98.3%
Xy T I3%, + 7xy - 2%, + 15%, =18 160 0 0.1%
1lx, + 18%; + 4%, - x, =10 48173 110 48.2%
13x, +8x, + 14x,=3 95960 250 96.0%
L, - x, +x, +4x,=7 75413 130 75.4%
18x, - X, + 9x, + 2%, + 8%, =15 75411 120 \ 75.4%
8%, + 5x; + 17%, + 9x; =4 92526 180 92.5%
| 6%+ x; +2x, + E8x, + 14x, =18 83397 180 88.4%
11x, + 7x, + 8%, + 17x, =17 87475 220 87.5%
14x, + 7x; + 9%, + 4%, +5 x5, =0 81085 170 81.1%
12X, + %, + Xy + 17, + 12%5 =2 99995 170 100%
Ox; + 17%, + 14x, + 8x, - x, =16 72757 140 72.8%
18x; + 16x, + Tx; + 3%, + Txs =16 84761 160 84.8%
10x, + 12x; + 7%, + 8x, + 12x, =17 924355 230 92.5%
18, + 2x, - Xy - 2%, - 2%, =11 75410 140 75.4%
13%, + 13x, +3x, +x,+12x,=6 99904 _ 190 100%
4x; + 17xy + 13x, + 15x,=9 : 75410 150 75.4%
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Table F6

The half-space range search time (milliseconds) when dimension k = 5, size n = 10°

equation of the hyper plane #pts found search time .| nodes %
16x, + X, + 3, + 15x, + 14x, =14 95930 200 95.9%
2x, + 14%, + 2%, + 16x, + 16x,=12 87603 140 87.6%
9x) + 14x, + 12x, + 5x, + 5% =1 95994 140 100%
11x, + 6%, + 1Ex; + 7x, + 9%, =0 99994 190 100%
13x; + 4%, + 15%, - x, + 11x, =14 75410 120 754%
1x, + 7x, + 8%, + 17x, =17 87475 170 87.5%
17%, + 13x, + 15%, + 15%, + 5%, =16 75411 160 75.4%
14x, + 5%, + x4+ 11x, =8 99995 180 100%
=X F 0%, +11xy + 1 7%, =7 _ 0 0 0%
O%; + 1%, + 10 + 5x, + 4x;, =3 99995 170 100%
12%; + 18x, +13x, - x, + 12x,=12 84907 150 84.9%
X, + T, + 7x; + 145, + 17x, =18 52105 120 52.1%
13x, + 13x; + 3%, +x,+ 12x,=6 95994 210 100%
3%+ 5x; H15%, Hx, + Lk =-2 95933 150 96.0%
14x) + 5%, + 12%, - %4+ 75 =-1 48174 80 48.2%
12x, + 5%, + 1Ix, + 18x, + 5x, =1 91732 190 91.7%
X T4, + Hx+ 9%, + Txs= 13 59935 120 59.9%
6x) + 7%, + 16x;_x, + 13x,=-1 66899 120 66.9%
Xyt 3%, +16x, +4x, - 2%, =0 0 0 0%
2x, +10%, + 9%, + 8x, + 17x; =-1 99994 210 100%
12%, + 13x, + X, + 18x, - x5 =-2 75411 130 75.4%
17x, + 9%, + X, + x4 + 2% =1 99994 130 100%
3x, 4+ 13x, + 11x; + 5x, + 7x; =8 72053 130 72.1%
10%, + 2x, - %, =3 75411 140 75.4%
8x, + 15, + Tx, =0 77883 170 77.9%
X, + 1%, +x, =11 61624 110 61.6%
13%) - %, + 173 + 3%, + 11x, =8 99995 180 100%
T+ 17%y + x5 + 4%, + x,=4 05554 280 95.6%
Xy + X, + 14%, + 6x, + 1dx, =12 88393 240 88.4%
I5x; + 5%, + 18x; + 11x, - x5 =8 81262 120 81.3%
4%, + 4x, + 13x, + 5%, + 3%, =13 73145 240 73.1%
3x, + 9%, + 10xy + 2x, + 5%, =5 96994 210 100%
17, + 7%y + 16X, + 45, + 16x5 =2 81770 160 81.8%
9%, + 12x, + 10x, + Tx; =14 99995 170 100%
12x%, + 3x, + 16x5 + 9%, =3 99995 190 100%
10x; + 5%, + 9%, + Tx, + 9x;=6 99994 160 100%
Ox, + 15%, + 5x, + 10x,=15 99993 170 100%
10x, - x, + 2%, + 13x, + x,=0 75411 160 754%
S2%, + 9%, + 6xy + 17%, + 15%, =15 20286 50 20.3%
14x, + 13%, + 7x, + 18x, + 14x, =2 84137 200 84.1%
2%, T 9%, + 16, + 10x, + 5x;=9 - 99994 190 100%
8x + 12%, + 17x; - X, + 10x, =16 99994 180 100%
3x; + 15x, - 2%, + 3%, =5 75410 140 75.4%
9%y + 8%, +Txy + 2%, + 11x,=10 81028 220 81.0%
8x, + 17x, + 6x; +9x, + 18x, =8 84134 230 84.1%
18, + 6x; + 10, + 5%, + 6x5 =0 82301 150 82.3%
3xy+ 17, + 5x5 + 8%, +17 x5=9
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Table F7
The half-space range search time (milliseconds) when dimension k = 7, size n = 10*

equation of the hyper plane #pts found | searchtime | nodes %
Sxp 2%, + 1dx, + 3%, - x5+ 6%, + 13x, = 16 4095 10 41.0%
12x%, + 5%, + 6%, + 5x, +16 %+ 2%, +x,= 17 5985 10 59.9%
14%, +4x, + 10x; + 10x, + 4%+ 13x,+ 11x,= 4 10000 20 100%
3x, +I5x, +3x, + 1%, + 13x,+ 15x,= 6 5984 10 59.8%
11X, + 15x; + 2%, + 8%, + 6%, + 11x,+ 7x, = | 7376 20 73.8%
16x, + 11x; + 3%, + 5% + 18%, + 7x, = 17 8545 10 85.5%
7X) +4x, + 3%+ 2x,+ 6x,= 11 6936 20 69.4%
16x, + 3%, + 101, - 2%, + 17x,+ 15%x, =2 9969 20 100%
16x; + 17%, + 9%, + 13x, + [8x5+ 11x, + 15x, =1 8670 20 86.7%
4%, F 5%, + 63, + dx, + 5%+ 2x + 13%, = 11 2564 10 25.6%
9%, + 10x, + 15%; + 1dx,+ 9%, + 13x, =5 9999 20 100%
Bx) + 2%, + 13, + 15x, + 12%, + 3x, + [2x,= 3 2669 10 96.7%
2%y - Xy +12x; + 12x, + [1x; + 12x, =15 8392 20 83.9%
2%+ 3%, + Txy T 9%+ 6%+ 1ix,=9 5966 10 59.7%
Xp+ 178y - X5+ 2%, + T+ 10x, =9 4080 10 40.8%
6x) + Txy - 2%, + 6, + Tx, +10x,=3 5884 10 58.8%
ATX 9%, + 175+ 17%, + 5%+ 16X, + 9%, =8 9999 20 100%
[1x, + 5%, + 16, + 14x, + 4, + 13x,+ 9x, = -2 9999 30 100%
16, + 10x, + 4%, + 10x, +3 X, - X+ 8%, = 13 5984 10 59.8%
18x, +9x, + Tx; + 15x,+ %5+ 9%, - 2x,=0 10000 20 100%
9%, + 11x, + 12x, + 2%, + x, + Tx,= 18 9999 30 100%
A%, + P7x, + 10%, + 13x5+ 4%, + 15x,=7 9999 20 100%
E7%) - % +3 15 - 2%, + 12x,+ 18x, + 4%, = 4 5985 10 59.9%
Tx) +6X;, +4%, + 15x, +8x,+ 13x,=0 6232 10 62.3%
14%, + 9%, + 17%, + 16x, + dxs + 16% + %, =2 10000 20 100%
-2%, + 14K, + 4%, + 12x, + 3%, + x, = 18 4015 10 40.2%
Txy +13%; + 8% + 17x, + x4+ 12x4 + 10x, =4 5939 10 99.4%
7%, 4 2%, + 2%, + 3%, + 14x,= 6 8437 10 84.4%
14x, + 14x, + 16%; + 10x, - X; + 15x,+ 9%, =8 9151 20 91.5%
% T Xy 5%, + 9, - 1+ 3%+ Ox, = 14 5999 10 100%
11x; + 9%, + 14x, + [8x, + 14x,-%,= 0 10000 20 100%
“Ey+ 2%, +dx, 13, + 17, =9 0 0 0%
14x, + 7%, + 5%, + 11xg + 10x, + 6x,= 17 8365 20 83.7%
1ox, + 9%, + 18x%, +3x, + 10x; - X, + 5%,= 0 10000 20 100%
3%+ LEx; + 10x, + 9%, + 16x,=3 9999 20 100%
B3x, + 16, + 10x; + 7x, + 8%, - 2x,+ 15x, =13 5985 10 59.9%
18, ~x3 + 3%, + 6%, + 3x, + 15%,=7 5984 10 59.9%
4x; + 1x, + 13x; + 10%, + 5x5+ 5%, +3 x,= 10 9891 20 98.9%
9%, +16%, + Xy + 6%, +4dx+ 11X+ 3x,= 4 7223 10 72.2%
3%, + 3%, + 11x; + 4%, + 3%+ 3%, =9 8571 40 85.7%
16x, + 5xy + 15%; + 13x,+ 2% + 13%,+ 13x,=6 9999 20 100%
2+ 175, + 9%, - x, + X5+ 15%x,+ 2%, =8 9989 20 99.9%
[8x) + 18x, + 17x, + 2%, « 2%, + X, =13 9999 20 100%
12x, + 5%, + 6%y + Elx, - X, + 6%+ x,= -2 5985 10 59.9%
O+ 12x, - x5+ 15x,+ 17x,+ Sx + 10x,= 10 10000 20 100%
3xp %y + 12, - %, + 15x,+4%,=1 4092 16 40.9%
13X, + 6%, + 3x, + 14, + 6%+ 17x,= 9 8295 20 83.0%
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Table F8
The half-space range search time (milliseconds) when dimension k = 7, size n = 10*

equation of the hyper plane #pts found search time | nodes %

X, + LIx, + 11x, + 18x, + 2x, + 16%, = 14 8392 20° 83.9%
9x, + 8%, + 10x; + 18x, + 17x, + 15%,= 3 9999 20 100%
X+ 10x; + 14x; + 5%, + 16x; + 13x, + 4%, =0 9953 20 99.5%
14x%; + 12X, - 2%, + 135, + 16x, + 5%, + 15%, = -2 10000 10 100%
Oy TES X + 2%, + 15%5 - X, +dx; = 16 5985 10 59.9%
Xy + 17%, + 7X; + 9% +1x, + 12%, + 14x, = 13 0928 10 99.3%
8x, + 13%, + 6x; + 6%, + 13x; + Ox, + 14x, =2 5985 10 59.9%
X+ 16X, +10x; + 15x, + 12x; + .+ 3x,=0 9999 10 100%
13, - 2%, + 15%; + 2%, + L1x, + 15%, + [3x,= 17 5985 10 59.9%
4x; - X3+ 10x, + [1xs+ T+ 2%, = 15 5984 20 59.9%
2x, + 8x; + 8xy +9x, + 10x, + 17x, + 2%, = -1 078 30 90.8%
O Fdxy F T %, HO xs+ iKX= 9 7111 20 71.1%
dx )+ 13x, + 18x; + 4%, +9 x4+ 2x,+ x, = 14 5984 10 59.9%
ldx, + 9%, +17%, + x, + 8%, +x,=3 9933 10 59.3%
3%+ 5%, +H16%,- X, FT %+ 1Tx,= 13 430 0 4.3%
16%, + 8%, + 7x, + 6x; + 10x, + 11x,= 10 8473 20 84.7%
5%y T %, - Xy T Axg+ Sxg+ T+ 10x, =0 2564 0 25.6%
5%, + 13%, + 8x, + 2x, + dx; + X164 + 10x, = 5 8428 20 84.3%
10x, + 9%, + 7%3+ 3%+ 13x, + 10x, = 15 10000 20 100%
11x, + 5%, + 16%; + 8x,+ 17, +.9x,=-1 9280 20 92.8%
Ox, + 11x, + 12%, + 9%, +3 xg + 5x, + Tx, = -2 10000 20 100%
Xy TRy + 1, + 6x, + 2%+ 2%, + Tx, =7 0 0 . 0%

14%, + 16x, + 4%, + 2% +12 x+ 7x, = 13 8365 20 83.7%
6%, - 2%, + 4%, + 13x,+ x5+ 4x,+ 17x,= 10 5984 10 59.8%
Fox, + 14, + 3%, + 10x,+ x,+ 17x,=0 10000 20 100%
8x + 7%, + 8xy + 18x, + [5x, + 6x,= 17 8153 20 81.6%
=Xy - %+ 13x; + 5x, + 8x, + 16x,= 14 0 0 0%

13%, + 17x, + 14%, - x, + 5%, = 12 9999 20 100%
5%+ 3%, +x,- 2%+ 1%, + 16%,=9 5985 10 59.9%
6x, 4 16%, +3%,+ %+ [2%, - %, = 6 5985 ) 59.9%
14x, + 6x, + 14x%; + 10x, + 14x, + 8x,=9 9531 20 96.3%
Tx( - 2%+ 175+ Hxg +7 %, =13 5985 10 59.9%
17%, + 165, - X3 + 16X, + 16x5 + 8x, + 6%, = 2 5984 10 59.9%
16X, +x, + 16x, + 4%, + 2%, + 18x, + 5x, =1 8809 20 88.1%
10x, + 10x; + 4%, +2x,+ 11xs+ 6%, + 4%, =6 10000 20 100%
2%, + 12X, + 9%, + 11x, + 10%; ~ X + 15%,=3 9990 20 99.9%
I5%, + 15%, + 14, - x, + 10x, + 12x, + 4x, =0 9999 20 100%
14x) + Txy + 12%, + 13%, +8 x; + 6%+ 3x,=0 8646 - 20 86.5%
17, + 5%, + 15%; - %, + 6X5+ 17x,+ 13x,=7 5984 106 55.85
Bx + 8%, - Xy + 6%+ 5x;+ 10x, +2x, =4 4092 10 40.9%
S2%) T A%y - 2%, + 3%, Ak + Txg +2%,= 15 0 0 0%

13x; + 13%, + 8%, + 2x, + 4%, + 16x,+ x, = -1 5984 10 59.8%
-Xp T 6%+ 3x,+ 12x,+ 11x,=0 ' 9560 20 95.6%
16X + 2x, + 13%, + 7%, - x5+ 1xg = 13 8013 20 80.1%
[3%, + 9%, + 5x, + 11x, + 17, + 10x, + 9x, = 4 9999 20 100%
Tx, + 10X, + 14x; + 3%, +15 X, + 13x,+ 8%, = 9 9962 20 99.6%
Xy - Xyt 2xs 4 2x, + 14% + x o+ 81, =14 81 0 0.8%
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Table F9
The half-space range search time (milliseconds) when dimension k = 7, size n = 5*10*

equation of the hyper plane #pts found | searchtime | nodes %

12%, + 4%, + 8%, + 8x, + 12x, + 13%,+ 6x,= 6 41437 130 82.9%
XN TR TX PRyt X Fx P, =T 26711 160 53.4%
Xy +H4x, + 7o, + 5%+ 10x + Bdx, =2 : 49992 90 100%
2%+ 1%y + 9%, - %, + x5+ 15x, + 2%, = 8 49599 100 100%
9%y + 12%; - X, + 15x,+ 17%5 + 5%, + 10x,= 10 49998 90 100%
13x, + 9%, + Sx; + 5k, + Mdx + 5%, + 9%, =3 0 0 0%
2%, + 5%, + 16X, + 8x5+ 17x, +18 x,= 4 15314 30 30.6%
X+ 13%, +17%, + 17%, H3 x5 - x4, + 18x,=16 4999% 50 100%
[3%, + 17x, + 148, - xs + $x,= 12 49999 70 100%
Ox; +8xy + 12%, + 15%, + 1dx, + 14x,=2 45998 160 100%
11, + 16%, + 9%, + 5x,+ 5% - 2%+ 11x,= 16 49998 110 100%
9%, + X, + 5%, + 15x, + x5 + 7x4 + 9x, = 15 12921 30 25.8%
2%+ 15, + T1x; + 25, +18%4 - Sxg + Tz = -2 49899 90 100%
17, + 0%, + 18X, + 10x, +14 x, + 2%, + 5x,= 1 45665 . 160 91.3%
12x, + 8%, + 8%, + 8x, + 9x; + 17x, + 15x, = 13 40651 140 81.3%
Tx; +18x%; +3x;+4x,+x,=4 31195 60 62.3%
=A%, +17%;, + 12x, + 18%, +9x,=10 46535 _ 110 93.1%
8%, + %, + 15%, + 3x, + 11x, + 18x, + 17x, = 16 40559 _ 130 81.1%
9%, + 3%, + 15x; + 18x, +5 X; + 17x, + 4x, = 1 30181 50 60.3% °
13, + 12x, + 10%, + [7x, + 2%, + 7X, = 8 49999 100 100%
L1x; + 17%, + 6x; + 8%, + 13%, + 12x, + 5%, = 6 43480 110 86.9%
13%; - %, + % + 15%,+ 8, - 2%, + 3x,= 16 30181 60 60.3%
16x, + 2%y + x5 + 9%, +2 x5+ 18x, + 12%,=1 49998 80 100%
3%; + 13, + 6%, + 14x,+ 18x5 + 12%, + 10x, =15 49999 120 100%
14x, + 14x, + 5%, + 5x,+ 11x5 + 9%, + 18x, = 11 49998 100 100%
9%y + 5%, +15%; + 18, + Sxs+ 17x, + 4, =1 40559 90 81.1%
15%; +x, + 4%, + 13x, + Txg+ 13x, =2 30181 60 60.3%
4%, + 15, + X, - x4+ 12%5 - x,= 18 15313 50 30.6%
2%, - 2%; + 8x, + 8%, + 8%, - 2x, = 17 ' 70 0 0.1%
I+ 12x%; 4 8xy+dxs + 13x,+ Tx; =3 35683 120 71.3%
18x) + 5x, + 5%, + 168, + 10x, + 5x,= 7 4393% 70 87.9%
LIX, - Xq + 11X, + 2x, + 174+ 8%, + 3%, = 11 - 30180 50 60.3%
L7%, + 15%, + X; - Xy + 11%5 - %+ 125, = 12 : 39127 70 78.2%
2% 6%y + 2% - 2%, + 8x5+ 3xg=-2 : 0 0 0%
7%, + 12X, - Xy + 7k, + 4%s + 13, - %, = 18 30180 50 60.3%
2, + 8x, + 9%y + 2%, - X5+ 3%, + Tx; =2 12 0 0.02%
11 + 9%, +4%; + 9%, + 15x, + 10x,+ 5x,=7 49998 130 100%
X+ 11k, + 15%, + 10%, + 17x + 3%, = 16 49928 50 100%
15%, + 11x, + 1%, + 13x, + Sx + 10%, + 12%, =7 49999 120 100%
14x, + 7%, + 8%, + 12x,=2 43684 110 87.3%
18%, + 8%, + 7x; + 13x, + 11%,-2x,=2 30180 60 60.3%
0x; + 10x; +2x, - x, + 6%+ 63, + 17x,= 11 15313 30 30.6%
=X H17x, + 6%y - x,+ 14%,= 15 0 0 0%
2x) + 14x, + 14x; + 11x,+ 17x; + 13x,=8 49067 100 100%
Idx, + %, + 14x; + 8%, + 13x, +x, =4 . 49260 120 98.4%
X F18x, H4x, + 3%, + Tx + 12%,+9x, =5 31146 90 62.3%
2%+ Ty + 9%+ 8x, + 2% + Tx + Tx; = -1 17856 400 35.7%
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Table F10
The half-space range search time (milliseconds) when dimension k = 7, size n = 5*10*

equation of the hyper plane #pts found | searchtime | nodes %

7% 4%, +5%, + X, +6x,+ L1x, +18 %, = 0 42714 100 83.4%
[6%, + 6X, + X, + 10X, + 2%5 + 16x, =0 43812 90 87.6%
16X, + 3%, - X, + 15%, + 1dx, + 2%, = 5 30181 60 60.3%
6x,+ 11x, + 16x,+ 10+ E7x,+ 11x, = | 49959 a0 100%
3%, + 5%y + 6% +3x, +6x,+ 14x,+9x,=5 27585 100 55.1%
=X+ 10%; + 2x; + 125, + 2% + 2%, + 8x, =4 0 - ] 0%
12%, +4x;, + 8%, -2x,+6x,=38 30181 40 60.3%
18x) - X, +16x, + 13x,+ 12x,+ 15x,=9 43162 80 86.3%
14x, + 10x, + 3x, + 8, + 63, + 13x,=2 43911 90 87.8%
155, + 18x, + 16x, + 4%, + 1dx, + 15%, +18%, =15 39128 100 78.2%
16%, +x, + 16%,. x,+ 8x; + 14x, + 5%, =0 30181 50 60.3%
14x) + 7xy + 12%, + Tx + 4%+ 2% + 3%, =0 40146 110 80.2%
dx,+ Txy + 10%, - X4 - 2%+ 11x, =15 30180 60 60.3%
5%, - X, + 12x; - X, + 15, + 4x, = 1 15314 20 30.6%
6, + 3%, + 12K, + 13x,+ 9%+ 3x+ X, = 7 47689 %0 95.3%
9%, +3x;, +10x, + 3%, + x,+ 7x, = 18 47512 180 95.0%
X+ 9%, +6x; + 12x, -2%5 + 9%, + 5%, = 17 49999 90 100%
13%, + 5%, + 17x; + 8x, + 14x, + 14x, = 1§ 46530 120 93.0%
18x, + 6x, + 2x; + 12%, +4x, = 18 40938 70. 81.8%
6X, - Xy +12x%,+ 10x, + 12%,=3 49998 90 100%
4% T 4%y +Bx; - X, T 18X - 2x,=2 7724 10 15.4%
22X, - 2%, + 14K, + 6X+ 13%s - %+ 17%,= 6 0 0 0%
Xy + 9%, + 16X, + 6x, + 9% + 3%, + 5x,= 13 6836 20 13.7%
“2%; + 15x, + 12%; + 16%,+ 5xg + 3%, + 3x,= 12 6836 20 13.7%
14, + 14x, + 2%, + 14x, + x5+ 6%, + 12x,=2 45998 90 100%
13%) ~ %3 + 28, - 2%+ 15x,+ 11x,= 1 49998 80 100%
13x; 4+ 3%y - %y + 1 7%+ 13%+ 15x,-%;,=8 30181 60 60.3%
9%, + 3x, + 10x, + 15x, + 8x;+ 8% + Tx, = -1 45101 200 90.2%
13x, + 17%; + 5%, + 5%5 + 8x¢ + 5%, =13 43653 170 87.3%
-Xp T 8%, - 2%, + 18, - X5+ 6%+ 10x,=0 0 Q 0%
2%, + 11x, + 18%, + 12, + 16%, + 7%, = 14 43131 80 86.2%
15%, + 4, + Tx; +4x, +7 xg + 14%, +5 x, = 18 38450 100 76.9%
11, + 4%, - 2%, + 2%, + 3%+ T+ 14%, =8 30181 40 60.3%
~Xp + 6%y + 4%, + 9%, - x5+ 14%, + [2x,= 18 19818 40 39.6%
Xy 2%, +1Ix, H18 x, + 12%,+ Tx, =2 ¢ 0 0%
12%, + 9%, +16%, + 5%, + 18x, =5 49998 110 100%
2%+ 18x, +16x, + 17x, + %, + 5x,= 1 46664 150 93.3%
2%, 9%, + 5%, +9x, + 15x, + 10x, + 13x,= 13 49717 90 99.4%
Xyt 14, + 4%, + 3%, + 10x, +9 x, = -1 45929 100 100%
15x, +13%, + 16%; + x5+ 5%+ 2%, + 9%, = 10 49999 90 100%
2%, + 15X, + 1%, + 8x,+ 9%, + 7%, = -1 36407 60 72.8%
17%)+ 8Bx, + 17x; + 16X, +17 X, + 63, +6 x,= 2 42541 110 85.1%
15%, + 7%, + 12X, - %4 + Lix, + 10x+ 3%, = 0 49999 90 100%
8x, + 18, + 6x,+ 6x; + 8x, +x,=4 26152 70 52.3%
145, + 17x, + Txy + 2%, + X5 - X+ 10X, = 6 30180 60 60.3%
Xy - 2%, +2%; + 8x, + 18x,+ 5x,+ 8x,= 15 2 0 0%
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Table F11
The half-space range search time (milliseconds) when dimension k = 7 ,sizen=10°

equation of the hyper plane : #pts found [ searchtime | nodes %
16x, +12x, + 13%; + 9%, + 6x,+ 16x, =0 99997 200 100%
18x, + 18x, + 7x; + 18x, + 13x;+ 14x, =8 82855 150 82.8%
Tl + 5%, + 9%, +4x,- %5 - 2%+ 6x,=3 60153 120 60.2%
BxiHx; + 17x, + 55, + 16x,+ 11x, =7 04543 210 94.5%
3X; F Xy + 6%, + 13x%, + 11xy + 12%4 + 5%, =2 86432 180 86.4%
14x, + 6%, + 5%; - 2%, - X; + 8x, =4 60151 110 60.2%
11x; + 10x, + 16%, + 10x, + 9%+ F7x, = 1 99998 210 100%
17%, + 10, + 5%, ~ x5+ Lxg+ 13, =9 99998 210 100%
Lox, + 13x, + 18x, + 8%, + 14x,- 2x,= 13 60152 170 60.2%
178, - %y + 6%, + 18%,+ 13x,+ 14x,=5 60152 110 60.2%
Bx,+ 7, TRy X -%,=3 30388 80 30.4%
1%, + x5+ 10x, + 15x; + 2%, + 16x,=6 59998 210 100%
“2%) 5%, + 18%, + Lk, + 4%+ 8%, + x,=0 0 0 0%
14x, + 3%, + 2%; + 13%, + 15%; + 5%+ 7%, = 11 80813 180 80.8%
10x; + 12x, +3x5+ 13x4 3%, =7 : 99997 190 100%
16x, + 13%, +3x, + 11x, + 18x, - x, = 14 84302 210 84.3%
9%, + 2, + 3%, + 9%, + 3x, =3 99997 . 180 ©100%
15, + 16%, + 1lxy + 3, + 75, + 14, -x,= 10 60153 . 180 60.2%
10%, + 4%, - 2x; + 5%, + 1dx, + 165+ 14x, =6 99969 240 100%
5%, + 10, + 17x, + 3x, + 18, + 8%, + 13x, = 15 96017 340 96.0%
4%, + 125, + 10, + 6x;+ 11x5-%x,=0 93269 210 93.3%
2%+ Ty + 2%+ 13x, +1d %5+ 9%, + 3x,=3 86432 180 86.4%
11x, +13x, + §8x; + 14x, +3 x; +15x,+ 10x, = -2 95998 190 100%:
5%+ 11x, + 3% + 16x, +14 %, + 12x,+ 16x,= 7 99998 230 100%
17x, + 2%, + 3%, + 65, + 3% + 13x,+ 12x,= 10 85368 160 85.4%
16X, + 5xy + 18%, + 3x, + 13x;+ 1684 - 2x, = 14 60151 180 60.2%
2%, + 17%, + 9%, + 13x, - X, + 11x, + 2%, = 8 99999 190 100%
Txy - 2%, + 16, + 18%, + 10x,+ 11x, +9x,= 8 99998 180 100%
Xy - Xy T 16x; + 14x, + 17x, + 16x, = -1 0 0 0%
10x, + 4%, + 12x; + x, + 12%, + 4x +11x, = 12 99998 260 100%
18x; + 8x,y + 5x, + 163+ 1dx, + 15%,= 4 87165 190 87.2%
17x, + 15x, + 15X, + 18, - X, + 17x, + 8%, = 15 60153 120 60.2%
X+t 7% T 2%, X+ TX +3x,=1 67083 950 67.1%
Bxy + Txgy + 13x, + 1ix,+ 17x5+ 11%,= § 86430 170 86.4%
10x, + 11%, + L5%; + %, + 3x;+ 18x, + 4%, = I8 99998 200 100%
12x,+ 2%, + 15%; + 13x, + 13%5 - x,= 0 60152 120 60.2%
16x, + 9%, + 18%, + 6x, + 8x, + 5%, = -1 83006 200 83.0%
[ 15%; - Xy + LAk + 9%, + 11k, + 17x, + 12x,=3 59997 210 100%
16x, + 7%, + 13x, + 18x,+ 15x, + 7x, = 16 78144 160 78.1%
2%+ 8x, + 16x,+ x4 -x,=15 129 0 0.1%
1dx, + 7Tx, + 11x5 + 3% + 15%,= 17 83673 160 83.7%
4%, + 18%, + 17x; + 7x, +17 x5 + 1dx, + 9%, = -2 95871 220 95.9%
X=Xy T 2%, + 2%+ X+ 10x,+ 3%, = 14 0 _ 0 0%
15%, + 16%, + 11%; + 10x, + 10x; + 18- x, = 11 99998 180 100%
2%, + 11x, + 18x, + 14x; + 10x, = 17 91434 180 91.4%
13%, - %, +5 X, + 25 + 9%, + 16%, = 8 83528 150 83.5%
4%, + 125, - 2%, + X5 + 3%, + 2x,= 14 60152 120 60.2%
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Table F12 |
The half-space range search time (milliseconds) when dimension k = 7, size n = 10° -

equation of the hyper plane _ #pts found | searchtime | nodes %
18, + 3%, + 7x; *+ 3x, + [3x, + 4x, +5%, = 5 81063 160 81.1%
Xy TRyt T 12K, R+ 3%+ x, =17 0 0 0%
13x, + 9%, + 6%, + 11x;+x,+18x,=9 99699 200 100%
12, + 5%, + 6, + 5%, + 165 + 2%, + X, = 17 60151 120 60.2%
10x; + 13x, + 13x, + 65, + 10x,+ 15x,=3 69997 190 100%
16%; +15x, + 15%, + 10x, + 15x; +13x, +12x,=2 99997 220 100%
2%, + 12%; + Tx, + 17x5 + 5%+ 15%, = 0 87661 340 87.7%
15x; + 16x, + 12%, + 12x, + 6X5- %, = § - 85848 170 85.8%
Ax, + 14%, + 8xy + 12x, + Txs + 17x,+ 14x,=9 92992 250 93.0%
Ik + 10 + 17, - %, + 16x, + 4%, + 9%, =6 99998 310 160%
9%, + 1ox; + 12x; + 5%+ 10%,+ 16x,=0 99697 280 100%
12X, + 2%, + 15%, + 13x, + 1385 - %= 0 60152 120 60.2%
5%+ 13%; - X3+ 9x, x5+ 10%, + 6%,=9 60151 - 110 60.2%
4%, + 2%, + 15K, + 12%, + 12%, - X, + 12%, = 14 99982 210 100%
Flag +2%; +45; + %, + x5+ 9%, + 8%x,=0 91699 500 91.7%
Txy = Xy + 13%; + 9%, + 11xg + [7x + 3%, = 18 99999 230 100%
%+ 11x, + 14x, +18x,=0 . 23550 _ 150 23.6%
10x, + 2%, + 14%; + 11x,+ 11x; - x4+ 17%, = 1 99997 L 190 100%
X 6%, Fdx; +3x, %+ 12x, + 13x,= -1 73335 160 73.3%
dx,+ 13x, + 8%, - 2%, + 10x; + 14x, =10 99999 149 100%
11k + 13x, « 2%; + Txy + 11x + 10x,= 18 : 99597 190 100%
12X, + X, + 18X, + 16x, + 9%, + Ox, + 5%, =9 99998 140 100%
2x; + 6%, + 16x; + 1, + 18x + 5x, =11 9749 80 97.5%
9% +6x, +5%; + 11xy +7 x5+ 16x,+ 17x,= 18 78488 230 78.5%
10X, + 15X, + 4x, + 16, + 14x, + 13x,= 10 99999 190 100%
16x, +7x, + 13%; + 3%, + 3%, - x, + Bx, = 17 60153 _ 110 60.2%
9%, +18x, + 17x; + 12x,+ 10x, + 13x,=5 99995 200 100%
8%, + 11, + [8x, + 14x, < X, = 10 60151 120 60.2%
K+ 10x; + 15%, + 14x, + 9%, + 5%, + 4x, = -1 99924 220 100%
17, +%; + 15%, + 1 7%+ Txg - x,= 16 60152 200 60.2%
18x; - %, + 18x, + 3%, + 15x,= 6 60153 130 60.2%
16%, + 2%, + 13x; + 16x,+ 13x,+x3,= 11 99999 190 100%
=X H 12x, + 11x; + 11k + x5+ 3%+ 15%,=9 69716 130 69.7%
Ky 6%, T TXy H8x, + TR 11x,+ 9%, =0 0 0 0%
178 - %3 + 145, + 9%, + 14x, =4 99998 180 100%
| 5%+ HIxy + 14, + 15x, - 2x,+ 14x, + 8x, =4 60152 110 60.2%
8xy+ 11x; + 15%, +2x, + 3x5+ 18x,+ 13x, =3 78144 150 78.1%
2%, + 8%, +dx,+ 14x,+ 15x, - x,= 13 308 0 0.3%
S2%y A%, 9%y + EIxg F 2% + %, + 14x,= 10 69609 150 69.6%
12x, + 16x, + 13x, + 7x,+ 11x, + 14x,=-1 99998 200 100%
Sx + 5%, + 17x; +3x, + 5%, +3%x,= 8 86090 420 86.1%
TR+ 5%, + 185, + 12x, + 5x,+ 8%, +9%, = 6 86502 290 86.5%
11x; + x5 + 10, + 15x5 + 2%, + 16%,= 6 99998 280 100%
S2%; 3%, + 12x%, + 1%, - X+ 12x, - x,=-1 0 0 0%
Ox, + 8%, + 10x, + 7xs+ 84, +15x,=0 89455 370 89.5%
X+ 12x, + 12x, + 10x, + 14%, + 15x,= 10 99989 180 100%
14, + 7x, + 12x, + 16%, -2%5+ 16x,+3 X, =18 60152 120 60.2%
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Table F13
The half-space range search time (milliseconds) when dimension k = 10, sizen=10*

equation of the hyper plane #pts found search time | nodes %
17% 1+ 13%,H9%5+1 T+ 14%H9%,+ 10X+ 1 0xg-%,=10 9995 20 100%
3%, +E6x,+18%,+1 Ixgt 1 Txg-2%,+1 1x g+ 1 8x,=5 10000 30 100%
X HxpH 18X, 0%, H 7R 5% 1 7+ 0xg-2X4-X =15 16 0 0.2%
6% =Xy 3%+ T3 H0x g+ 16X 4%+ 3x,+13%,,=8 2600 0 26.0%
10X+ 173, F 11 x5+ 7R, 06X+ 14%,- 2% H9% 46 =1 10000 20 100%
S HL 6%, Ry 5K E T 2% 1 0%+ 7x4-2%,=10 5387 10 53.9%
12%,-%y 14, +6%,+ 14%+ 16X+ 1 Lx,+1 It 15x4~5 10000 20 100%
Xty SR TX 10X 1 2%+ [ 3% +2x~0 0 o 0%
11x,+8x,+10xy+9x Hdx H4x 1 8x,41 Trg-XgH3x =11 5387 0 53.9%
-2R T E2%, X H 100 HOX - 2% 6% g H5X =6 0 0 0%
Ax 155,145+ 1k - 2%+ L 7%+ 16x 41 5%+ 7% =1 5388 10 53.9%
25,10k, 1 5% H6x+ 4X,-2 5+ 1 5Xg 5% =12 5387 10 53.9%
9% 1 H3R XX L IR RA2 A2 T, =T 9553 40 95.5%
FIx H 15X 4355+ TxsH TRt L IXH0X g+ OXgH14%,=-2 7607 10 70.1%
17X, -2 6% X 42X 8% H 14X+ 1 5x =114 5387 10 53.9%
12% 43+ 2%, 9% 1 x5 5 HTx X0 H 1 3% H+5x, =11 5386 10 53.9%
53,41 2%+ 14X+ 18K H6x+ TxgH2x g 14,8 7373 10 73.7%
X181 70X+ 1084 6xHOXg 3R H13%,=-2 0 0 0%
12x,+ 45,128 % x5 10X %+ 1 6%, =9 5388 0 53.9%
Xy F TG 2KH 13, LSk -1 11 2%+ T+ 18 =4 3969 0 39.7%
13% %+ 14+ 13%,+1 8% 2%, +10x,43x,=16 9598 10 100%
6%+, 6K, T 14%,+ 1 5%, 1 6%+ 8% 2%, +5%,,=11 5388 10 53.9%
13X 5% 2x5H 1 5%, 11X F1 2%+ L 8K %64+ T%,=6 5388 10 53.9%
6% X F3XH2X X 10x o+ 16X 5 X R 10%,5=12 5386 10 53.9%
17%y 6%, 4 %,-KH 25 12K 3% 1 53 16X, =17 5387 16 53.9%
X H163, 4 10% X 3% 1 SRR+ 8xH0K =6 0 0 0%
9%+ 3k T 1 5% 5% 2% 4%, =10 5386 10 53.9%
16X, +1 Exy+2x,+4x, 1 0% +8x,+1 1,41 8% +14%x,=153 10000 30 100%
17,1 LRy B+ 2x O HBx e+ 2% H12x =1 9666 30 96.7%
I5x 17, 108, 1 1+ 24 2%, 7%+ 13541 1x,=12 9698 20 100%
O H3x TR 162+ 825-2 % 2% % g+ 5% 9% =3 5387 10 53.9%
A%y 1300, H9%, 1 7+ 1 5%+ 1 8%, 1 6%+ Txg+5%,=18 7297 20 73.0%
SX 1T A0+ 1 I AKX ASK AR 1 Ox+1 1, =14 10000 20 100%
12x H 0+ 1 5x o 9% K- 2%, =5 9998 20 100%
10K, +6x,+16x5+1 3%, 41 7x+x 1 8% +1 26X, =7 5386 10 53.9%
T+ 11 75, +0% + 1 2% 3 M+ 5%+ 2% =1 5999 20 100%
55, AR 2X, FORAOK AT X221+ 7K =12 23599 10 26.0%
17%,+ 10X+ 6%, +6%H1 4%+ E T+ 1 5%+ 3x43x,0=1 1 8101 20 81.0%
10,432,113, 2%, E 2% F 15K -X 9%+ Tx =1 8 9599 30 100%
4%, 4%, +5%,+H1 3+ 14x A3 % %, H1 2% =2 7732 20 71.3%
16x,+1 2%, 2%+ 16+ 1 8t X, +18%+7x,,~2 6771 20 67.7%
TX TR+ 3% AR 135 x ] LT 1 Ox g +aix =1 7812 20 78.1%
11+, 1055+ 1 5%, 5%+ 10x,+1 0xg - 16%-2%,=15 9999 20 100%
5% A%, HIx 6%, 3% T 8x O HIxgT14x =3 5388 10 53.9%
13x,F 1 Exy 0%, 0% 65,425 Hx,+1 0% =2 9998 10 100%
17%-2%3-%,+ L 85 10X 5%+ L Tt T tdx, =17 5386 10 53.9%
18, +8x;-x 4+ 14x5+ 1 5%, + 145,43 x4+ 10x5+1 1x,,=7 10000 20 100%
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Table F14
The half-space range search time (milliseconds) when dimension k = 10, size n = 10*

equation of the hyper plane #pts found | scarchtime | nodes %

X Ry +6x,+H 16X A 2x 6%+ 8% 2%5+1 5%,=3 143 0 1.4%
10X, +8%y-%3-2x,F 1 3R+ 1 5+ 5%+ 1 8x4+13%443%,,=0 : 5387 10 53.5%
12x%,-2x 7 +9% 5+ 14%,+3x,+16%+10%,,~12 10000 20 100%
T 12X, H L0, F 1R, 3%, TR etx 4+ 15%,H] Sx—4 9999 20 100%
8%, 3%, 1 Lxy+ 10,1 2%+ 1 0x b H1 8%+ 7x =17 5999 10 100%
15%,+7xyH 3R 1x b 1 Txs 8x,6-X 2% H 5%, 19X =12 5387 20 53.9%
LIx 6,1 5%, 10x +13x 502 H X+ 145 +3%,=0 9998 30 100%
AT 2 2% L EX 563X XX =0 33 0 0.3%
2%, 8%, 10X O 2%+ 5%+ 2%+ 1%+ TX =6 0 0 0%
121501 4%5-2X 5 3%, 6% HEOx G+ 1% =12 9998 - 20 100%
XXy TRy 3% MR 15K, 1 5%+ 1 8- = 14 5387 10 53.9%
x5+ 5%+ 1 3, 13x 16X H1 2% A 8%+ 3x,+H1 2%~ 8 9959 20 100%
TR X1 T X IR A Ox X X g2 =4 9999 30 100%
L7%, 6% 452X Hx s+ T Xt 3%t 1 8xgH6X =11 5387 10 53.9%
10X +4%,-x+ 10X X5 X+ [ 8xH1 2%+ TR+ 16X,=8 ' 5387 10 53.9%
14,43, 16X5-2X 5+ 1 756X+ 1 3%+ 1 0%, =1 5387 10 53.9%
15%,+13%,+ Tx k1 54 5K+ 1 3%, 1 6xg% 16x,,~13 8101 _ 10 81.0%
16%,+18x,+ 7%, F14x, 9% s+3x o+ 1 3% -X XX, =0 3387 { 10 53.9%
14x +15X, 145+ x,H6x 4%+ 1 2%,+1 3x g H4x gt 165, =2 6773 i0 67.7%
17X, 55,4 6%428 X 52X+ 9%+ LxgH5%4+13%,=1 5388 10 53.9% )
X+ 2%, 4% 1 3%+ 166 2% A T H 14X =16 7 0 0.1%
1,1 7%, T 1 15 A8, 6%+ 1x =1 5386 10 53.9%
L8% H 11 o H8x 1 Tx g+ 1 5%+ 1 0%t 15X g+12%,=17 9999 20 100%
D+ 10%,+H13% s+ L%, H6x 8%, H8X =5 9709 40 97.1%
6%, 12X, X H5X 16X X+ 10X H1 7Xg 6% 2 =2 5388 20 53.9%
13x,+16%;+1 1x3+6x,+ 13541 8x -x o H 14 =14 5386 10 53.9%
17%,+13%,- 2,7+ 7% 9% 2%+ 8%+ 1 3%+ 14, =7 2097 20 90.9%
6% 1 0%, HR+ T 0252 HL 6% 6% F 5%,4H8%, =0 1176 10 11.8%
Xy FL6x 1 78 2%+ TR+ 1 55+ 55, 5% 6% =10 Q 10 0%
12xH9%, TR H 3% 264 5%+ 3%, 9% +1 0x, =16 10000 20 - 100%
17x, 6%, +14x 4+ 14x,+ 15X 5%+ 12,4 3%, 6% 4% =9 8273 20 82.7%
15x 1 2%, 1085 3%, ] Ex ot 1Sx 10x,+2x o+ Tt 2%, =1 16000 20 100%
O H TR 135 +5% A 8R A 2K XX =2 _ 1231 10 12.3%
18+ 1 5%, 1 3%, +2% 3,745 TR+ 1 6% H1 3x 16X =1 5387 10 53.9%
8 9%~ 2xHAK, F AR TR 2x 0+ 558K, =13 5388 20 53.9%
11X, H16%,-2x,+ 1 2%+ 1 TR H6X 1 8%+ 1 5%+ 7% =13 5387 10 53.9%
I 1B H T HBx SR X1 6 H 1 6 +5% =1 7680 30 76.8%
7%, 0%, H 08 PR 3% HEx+ 13X —14 5999 20 100%
13x, 8%, H1 6%+ 1 5x 1 0%+ L SxgH4x+Hx, =1 8100 20 81.0%
K ~Kat X1 3% o x o HOX 649X+ 3%,=7 19 10 0.2%
5%, +1 7x,+8%,H2x H 65+ TX 5 X4 3R %4 H6%, =0 7048 60 70.5%
3%, 155+ 2% H6X o 1 0%+ 1 3% H R H6% %, =15 2600 10 26%
T H1 2%, HL0x,H 1 T+ 7% H I ghaeH 1 61 2%-%,,=8 9999 30 100%
11+, F 17X+ 7 31 2%+ 10xH1 8% +13% =1 10000 10 100%
At 20, 2% L 5K X 0% X 143+ 1 3% 16%,=8 5360 10 53.6%
51,3y 4%, 16X+ 1dx o+ Tx,+16XH2% =1 8289 20 82.9%
12%, 8%, 16, 16x,+ 13%5+1 0%+ 1 X7+ x5HXg+3%, =15 10000 20 100%
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Table F15 '
The half-space range search time (milliseconds) when dimension k = 10, size n = 5*10*

equation of the hyper plane #pts found | searchtime | nodes %

3% H 14X E 5%, 16X HOxH 5% HBR 1 2x g+ ] 6xgH9x, =4 49994 80 100%
X 13Xy F6x 3%, 5%+ BXH1 3%, 10X H5 %47, =9 37075 130 74.1%
T+ 1Ry 2% 4+ 555X %+ 3%+ 1 7 =1 1 26833 50 33.7%
18X, +93,+6x, 48K 9% 1 Tx,-2xg HxgH1 5%, =5 26833 60 53.7%
Fxt 5%, 3%+ SR+ 13xH 1 6% =5 34853 70 79.7%
KPR IR I 3R TX o+ Tx 15X +H12x%,,=15 G 0 0%

6%+ 9%, 17X, H6X 15X+ 2%+ 1 8y 3% 5% 0X =6 13033 40 26.1%
3k PO H3%, TR 1R HOX T Tx, =5 43986 200 87.9%
3k TR TR, H 13, L SR R+ T 10K, =7 48844 150 07.7%
3X 145, 5K, 13X HIX X, 3K H 1 ARG H6X =8 38972 240 77.9%
17x 3%, 49%,+ 1 8x 145, +%+ 1 3xg+1 6%~ 16 49999 80 100%
14x, +1 5%, X+ 1 6%+ 14k % H 1 xR 1R +H13%,,~15 46999 80 100%
4%+ 16x,4H6x, TR T 16X X+ 16X HTX 8%, =3 66 0 1.3%
“X TR 1 Ax X - 2K 5K+ 5%+ 5K g-2X =0 -0 0 0%

2%, +15x,H1 2%, [3x 481 2%+ 1 H5x g+ 5%+ 8,1 49999 80 100%
FOx H1 71 5x A 2% H Aot 9%, +8%,+ 1 0x—6 46645 100 23.2%
0% 0%, H4R 5% H 16X+ L 0%t 1 TR0 %= 11 49999 100 100%
16x 1+ 15%,+1 2%, + 12+ 8xH1 2%+ 3+ 18x6+ ] 1x,=8 49999 : 80 100%
1Ex;+3%,4+2%,+1 8%+ 0%+ 5%+ 1x,=14 50000 90 100%
Ox 42,1 TxsH14x,+13%HTX o 1 1%, H4%g 8% 2x =11 50000 100 100%
Xyt E7x P8 X - Xt [ Bx 424+ 3%, =4 0 0 0%

9%+ 17X A6%5+1 1x4-2x 5+ 5xgH5%,+1 6% +1 x5+ 8%, =13 26833 50 53.7%
12 +8x,H 78, 2%, 8% A1 7x o+ 8%+ 12X, +10x =14 44392 160 88.7%
8x 30, 2% X F 1 BX X+ 5%+ 2%+ 18%,=0 13032 30 26.1%
IxH XA 138, 14X H LR H 163+ 3%, 3,1 6%, =0 48868 100 97.7%
13% (+8x 0% MR TR+ 1 Tx o F 13,1 2%+ 15%,43% =6 45614 140 91.2%
18X F10X,+13x5+6%,-XsH Tx 1 2+ 3xg 425,17 50000 140 100%
18X (X 6%, H6X 1 1x, 18K HOx, 1 4xgH18x,+3x =17 26834 50 53.6%
2K SR 3RO 1 H ] I AR5 x 3%+ 15%, =14 0 0 0%

14%,+5x+ 2%+ 10X+ 1 5x 2%+ L 0%+ 75y =1 50000 150 100%
2% 135, 8%, Hx 2K X H 1B+ 1x g+ 16x,~5 29075 220 58.1%
6X;-2%X,+ 1 3%, 1 2% % 3%+ 10X+ 5% 5-%,=0 26833 30 53.7%
Bx 14, HEAx,+ 15%,42% 25t 25+ g1 1%,=7 49999 90 100%
5K AR, 6%, 13x,+1 651 8%+ 12%, 8%, ;=7 32017 70 - 64.0%
L6x H0x, - dn H TP 3 Hdx 1 1t 11X 2%,=4 50000 100 100%
Pl gt 14+ 11x 1 8%+ 5x oH 1dx - Tx =4 46060 100 82.1%
[3%,H62, 1285+ 1 Tt 5% Trg 9% +3%,=-2 40510 120 81.0%
6%, +18%, 6%, 18X H9x+8x,+1 Txg 8%, +13x, =5 - 38651 140 T7.7%
14x,+12%,5- 2%+ 2% H 9K - 2% 4K %=1 2 4999¢ 90 100%
2%+ 18%,+3X5-X 8% 51 2xH 1 2K+ X255+ EOX, =7 26811 50 53.7%
Ox | FAx, 163, +1 5%, H8xF 9%, HOx 1 dxgt18x =-1 _ 50000 130 100%
12X+ 7% X 12X+ FAx s+ 18X 6%, 2%+ 10,2 46720 80 53.5%
Ix Fox, 1 0% AR X A2 45X Trg+1 2%, =1 § 31542 110 63.1%
2% 9%, 1 5%, 8%+ 1 3%, H 7R 8% A 9% H 1 7%, =8 43766 160 87.5%
X H10x,+ 1455 +% - 2%+ 12X 4 3%, 48X+ 18y +5%, =14 0 0 0%

16%,-2%,+14x 7+ 10%,+ 7%+ 11X +3%+17X,,=6 49999 S0 100%
O HOx A 1 T 2%+ 1 8- 2,+ 0%+ 1 5% 5% =8 50000 90 100%
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Table F16
The half-space range search time (milliseconds) when dimension k = 10, size n = 5*10*

equation of the hyper plane #pts found | searchtime | nodes %

3xHAX 16X+ 16X T H5X 8% 1%, =13 27779 150 55.5%
14 2%, D3RR B3 H 1 2% 1 T L 1 g5 =6 26833 60 53.7%
X HOR R 12%, 5K K X1 Tt 11X +5%,=12 0 0 0%

175 1433, F 1L 3 3%+ 1 Sx g 0x,4=7 50000 90 100%
16%,+11%,+10% 6%, +3xg+H1 Ox o+ 1 0%+ 5 X%+ 1% =13 50000 90 100%
18x+0x,+ 1 1+ 15%+ 14+ TR 23+ Ax g+ 5%, =0 26834 50 33.7%
14%,+10%,+x5+ 13K+ 5%+ TR+ 35,1 6% H6X g+ 2%, =5 42077 150 84.1%
18x%,+ 182, 4% 6%, + 13X+ 16X 8% 1 5%,+1 6x =4 38401 70 76.8%
6%, 3%, 1 0%+ 4x o+ 6%, 5% X+2%,=2 39334 190 78.7%
2%, -%y F T 1 3% TR AR H 2R 0K =12 6 0 0%

158Xy 3%, 4%+ 1 5% X 4% X =T 26833 50 53.7%
I5% 3%, HE8X X 1% H6x A1 1 X +2R 6% (=3 26833 50 53.7%
2%y T 13% 5%, 2% o+ 14x HBR ARt 8%,=1 0 0 0%

Bx 1A, A%, 14 AT A5 1 204K+ 1 6%, =1 43940 106 87.9%
3%,-%y 1 2%5+8% X1 0% +5%,=8 6148 20 12.3%
% H14xH 31 5%, I HL 2R HEEX A 2R B3, H5% =6 26833 40 53.7%
10%, 2%, 48, 4%, 4%+ 1 8x+2x,+3x 1 5Xg-2%,=0 26834 50 53.7%
10x,-xy+14%, 1 Tt E gt 10, +0%-2%0+2% =2 50000 ' 50 100%
10%,-2xH4x+10x 5+ TxH I 8X+xgH] ExgXyg=11 26834 | 50 53.7%
12x, 410X, Fx, X+ 1 8%+ 3%, 16%,+2%4-%,~6 50000 130 100%
18, 23,40+ 5x,H4x s+ 18X+ 1xHOx+12%,+4%,,~8 26834 50 53.7%
A5x4, 1 5%+ 3%H 1 8xH 1 6x B8R, T2 H 1 3x 42K, =7 41366 90 82.7%
Tx T 13%,+ 1 7%, 0% 2K 5%+ 1 Ox g H9% 4% =2 49999 110 100%
17%,H6%,F14%,+6%,5H 14x 1 2%+ 5%+ 2% =17 40502 : 60 . 81.8%
T +6%,+1 2% -1 8K, +1 5%+ 0x X1 6xg+15% =5 26833 50 53.7%
5108, 16%,+ 1 5%, 3%+ 3x X +5%4-%,=16 13033 40 26.1%
X H1dx 4% 428, 16X+ 16x,+1 2%+ 16X4-2%+9%, =14 49976 90 100%
13%,+18%;H4% 9%+ BXH 9% Xy Hax+1 2% =4 49959 90 100%
8%+ 13%,H 7x 5 TR 3K s 16X+ ] 83 4H9%5H+1 3%g+2%, =17 41486 70 82.9%
X1 3%, 5%, 8% 1 8x5+H1 3k H4x A 5XgH5 %9+ 8X,4=5 0 0 0%
X8y tx b H 10X H4XF L Sx g+ 1 71, =5 45684 440 91.3%
X H 17X 0%, H 10X 1 8x,H 631 7%, 10x v xg X =6 49993 90 100%
XH14%, 4%, X 10X A 9K %41 Sxgtxgt6x, =7 5695 10 11.4%
3x 1 TRt T8y 2K+ 2% 5 Xt R HBXH8X-X, = 10 12 0 0%

16X, +6%,+2x 5+ 1 3%+ 7R+ 7Xs+15%6+1 7,7=10 33535 70 67.1%
E5x,H 168, X430, 3%+ 16X, H6%,+H] 2% -2x4%,=16 . 26834 50 53.7%
145+ 5%+ 1 55 H TR 5%t x 1 3%+ L TR R 6K (=1 26834 60 33.7%
%+ 10 23, L Sx +Tx s HOX o H T H 1 6% =1 37105 70 74.2%
X 3K Xy K- 2% 0% 22X 4%+ 1X, =13 0 0 0%

TxiH 16K XyH1 2%+ 1 TR 8K - 2% H4% g+ 5% =1 13032 20 26.1%
L2+ 18+ 5%+ 1 6%, 8% 8 Hdx Adx g H 4% % =11 13032 30 26.1%
Xt 12K L 7 X Ox ot X+ 1 3 HdR g+ T =2 0 0 0%

11X, +1 1%, 13xH 13X+ 1 63X+ 1 6%+ 9% =14 49999 80 100%
A (Rt IR A TR R AR - 2K, =0 : 13033 40 26.1%
Xy I35, 18x,+T7X 145X tx 2%+ 1 6%,4=0 19930 130 39.9%
12%,F13%,H16Xy-X F TX 2K 9K - 2%+ 1 5%+ E 1x,,=9 50000 140 100%
4% H12x,- 2%, H 16X 9% H5X 1 0%+ 145, =4 49993 120 100%
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Table F17
The half-space range search time (milliseconds) when dimension k = 10, size n = 10°

equation of the hyper plane #pts found | searchtime | nodes %

I3+ 2%, 13%, 11 TRy X+ 183+l TxA-5xgH8x, =8 53582 100 53.6%
E2% (4%, 9%, 1 Lx 4+ Tx o+ 8X g+ 5%+ 5x,=15 80143 150 80.1%
OX, 2%, 1 5%+ 12X+ 10x5H4x+5% 18X +Axg+3 %=1 7 77238 140 77.2%
17x+ 75, 135,28 - 25 cH5 =1 : 53583 90 53.6%
2K Txp 2% T 81 O gH 1 76X+ E 2K H12%=-1 66724 710 66.7%
X H 11, 3% 0%, T 1 3% S Xt T H8x =12 0. 0 0%
102+ 2%, +3 x5+ 188+ 1 5%+ 1 8+ T t-dx 1 0x,=173 77330 150 77.3%
6% =Xy 2%, TR FOX L 3% A%+ 536K =1 25698 70 26.0%
18%,+1 1x,+13%,3-2X+16x5+3X 9% +6X x4H+8%, =1 53582 110 53.6%
17%, 8%, 7%, 1 22 L 6%+ 1 1k +5X+1 33,8 86583 160 86.6%
16x,F 1%, 1 1%+ 7x,HE LR, Ox g Hoxg 3%, =8 99926 250 100%
9X,-2%yH 1 3%5H 1 3% FX5+1 Txg 18X+ 5x4+8x4+18%,,=17 53582 100 53.6%
dx 5%+ 16X+ 5% H8x 6K+ 5% -2 H0K (=9 25999 50 26.0%
X8Ry 65+ 18K XXt 1 1x b 16X x g H6%,,=13 9 0 0%
510K, F13%, 5 H 10K s-K g1 81 6xgH 1 OXgH5%,4=2 99997 170 100%
11X, +2%,46%,+ 1 8+ 3%t 3% 4%+ 2x0H 12, ~4 53581 80 53.6%
5% H6Xy 8K H8x5x71 2%=6 12180 20 12.2%
92, 1 2%, 1 0%, 2%+ [ 8x o+ Sx A%+ 0x,=9 96697 ' 180 100%
13% (+5%,H1 3%, 15X - X+ 2K+ 1 8%, 1 Txgt 2x g4 =18 53581 ‘ 100 53.7%
13% 15X+ 16x 5% xR H0xe+ TxoH 13%,5=3 66018 100 66.2%
I5x,+x2+I4x3+7x4+8x5+7x6-2x7+1’?x3+14x9+2xm 11 53581 120 53.6%
4%)-2%5H 131 2%, 2% H6x g +8% =2 53581 110 53.6%
S H9X, 5% %X+ 28 HOX X H8x g3, =16 5928 10 5.9%
33 TR 3R 1 6% 10X T 6 A I+ 3% H 4%, =8 88243 360 88.2%
TxH15%,+9%,+ 1 1x,-2X5-X e+ 1 5xg1 T 1 85, =4 53581 100 53.6%
Sx 18Ry 3R, BR X X 0K XX =15 1200 10 1.2%
23,18 3%, H TRy 60X X 62X+ 1 3xg+ 20511 5%,—=8 0 0 0%
dx, F18x,+13x+H 18, 16x5+1 2% o+ 1 dx,+1 5x5+%, —4 99996 270 100%
10%+10x, %, 3%+ Tx A Ix 6% 6%+ Tx%,=6 87905 290 87.9%
-t T 2% 3% DX % 6%+ 3% 6, =10 0 0 0%
12x =28, H L1yt TR F X8R 5% X H1dx+3%,=0 53581 120  53.6%
X 8%yt F LR 1 2X5+H0x R+ TRt 8%+ 16x,,=1 94462 449 94.5%
2x A - Xy 8x HlAx X HS 1 4%+ Tx g1 25,16 112 0 0.1%
14x - 23,1 By + 142X+ 1 Sx+ 1 6k Hdxgt E4x,=0 99997 ©200 100%
XT3N HOR 2K H 1A 258X g-X g TR 1 =3 0 0 0%
15%,+17%,+10%,+8% 9%+ 1 6%+ 8x,+dx =18 95525 210 95.5%
dx 14 TR H8R 16X X+ 12X+5%,-2%=7 23975 50 26.0%
175, 10%, 6%+ 1 3% +6xH1 Tx o+ Fxg+18x,+8x =4 84021 170 84.2%
1741 1%,+4%,H 16 TR H] 1 xyHxgHAxe X, =1 53581 120 53.6%
3%, +8%,+ 1 2x 514X+ 10X+ 3x+ 1 5%+ 8ot 1 1x,=0 99998 180 100%
16x+ 1 15 H14%,+4 %, 1 Tx s+ 1 0% X 6% X 0-%,=1 1 53582 70 53.6%
125+ 7,+3% 2%+ O LA+ 1 2%4+ 1 0xg A =18 99997 210 100%
L1Ix,+1 Tx 412+ TR 562+ 1R H TRoH 14%,g=2 99996 160 100%
12%,H 45, 1 2%+ 14 L% 5% Hl dx g H5x =4 85538 150 85.5% .
14x+ 1 7%+ 0%y TR MO+ 1 2%+ 1834 3x+ 3%+ 2%, =14 96349 220 96.3%
8XH12%yH 4%+ 12X 9K +2x ] 1% 2%+ 5%g+ [8x,=18 99996 190 100%
12, +10x5-2%,+5%, 41 3% L Tx X +3 %+ 18K, =8 53582 110 53.6%
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Table F18

The half-sp'ace range search time (milliseconds) when dimension k = 10, size n = 10°

equation of the hyper plane #pts found | searchtime | nodes %

16X+ 18x0-2%,+7x,+ E X 2% HX 1 55 H1 2%4+0% =9 99697 240 100%
LA+ 133+ 10%3-2%,+ 1 0% -xg T 1 6%+ 2%, =4 99997 180 100%
2%+ XA 3%,+ 15x,H6R 51 5%+ 1 3xH10x4-5%, =8 210 0 0.2%
15%,H%,+6x 7+ 3% 5t 1 6% 73 H %% =15 87461 290 87.5%
8x 1 5xtdu 2%, H1 2+ T ] I H8x 0+ 10% =1 95643 200 95.6%
L1225 x5 H 4%+ 12X+ 145+ 1 6%+ 14,,=2 99998 150 100%
18x %yt E 55+ 145 st LO% 9%+ 2041 2% 5=-1 99998 170 100%
8t 1xyH 2K+ 18X g+ 6Kgt16Xg+13%,4=1 53582 80 53.6%
12X 730+ 13%,H 1 3 A3 S x ot dx 1 5x =14 70512 130 70.5%
12 9%, 9%, + T x H 1+ 1 6% H T )+ 1 I x b 15%+7%,,=0 80316 130 80.3%
6x 175, L H10x H1 2xA5x+9%,=8 99996 170 100%
S2Xy T 1285 H8x F 16+ IRt dxH 16Xt 15X +6x,=3 0 0 - 0%

15% 1 7xy-%y- 2%+ 1 2%+ 1 I 15%+3xg+ 2x g+ 14%,=10 99997 190 100%
I7x 125,71 2% 2% 168+ 1 2%41 TR+ 9% H6x =2 99996 190 100%
8+, 2%+ 1385+ L Tt B -Xp 5% +8X =-1 25998 60 26.0%
4+ 8+ 11X+ 6x,+3 x5+ 10X R+ 1 6x gt TxgHAX =2 70466 270 70.5%
Ox 3%, 2%+ 9x, H14x A+ 1dx 8%+ 3x+1 7 =11 59997 170 100%
15 %y +3%5+1 3%+ 15x 0+ 8, H13%+8x4+1 1 x5+ 1 6%, =16 53583 80 53.6%
288K, HOX HLOx 1 I+ 1 1A 2% H] 2% H4x,,=0 46415 90 46.4%
9% Xt 16%5H]1 2%+ s+ 16x 6+ 0% - 2%+ 9% +] 7X =8 99998 180 100%
X+ 2%y 135+ 15X F9X 8% 5% 9%+ 1 6% +8% =5 99996 170 100%
175,11 xy X H13% 8 1 8% +1 T+ 8x g H 14 H5x,=15 92503 270 92.5%
17% 5+ 16%5-X, 6% s-X 62X 4% 4K g% 1= | 53582 100 53.6%
4 9%+ 14x 145 3% - XgXg 1 5= 1 53564 160 53.6%
Ox 1 2% P9 3%, F3xH 1 23,1 5%+ 1 8k H1 0% =1 6 99997 170 100%
12X 6%+ 13x5+ 2% +13%5+ 16X+ 1 8% +H5X g +6x4+0%,=10 53581 100 53.6%
2x 78X K+ 2% 5%+ Txg 1 5%, =0 28355 50 28.4%
T g+ 1 T HL TR TR 6 Sxe 1 83 =1 84803 320 84.8%
TR F 1% 5%, 138,458,521 2%+ L 4%+ 1 T +12%, =5 53582 100 53.6%
Sx+18x,+10%,+14x,+x,+18x,-x,+16%,,=17 53583 140 53.6%
=23y 8x et x T 3%, ~8 0 0 0%

8x T18x,- 2%yt Thg-Xg 1 T+ 8+ 1 TR H4X =1 25998 30 26.0%
16, +0%,19%,+ 102, H1 3%+ 1 3% o pbx g+ 1 1, +H18% =6 99998 200 100%
13+ 10%,- 2 H 1 I+ Tt dx, Hx+ 16x,~12 95997 190 100%
A I IR L 5Kt O%5- 2%+ L 0xg+13%,=0 99997 130 100%
18x 0%, +Tx T Tt 140t 5xg+163,~0 78557 140 78.6%
2% T F L1k 153 1 2% 9%+ 8x 60X =k 93019 380 93.0%
3K F2xy 5y H 1 4%+ 2% 5P R 3%+ 13K+ 1 2%, =0 72509 140 72.5%
- 12X, 1 4%+ 5 %, 5 X 2K 1 2xgH1 Ox g 13%,4=7 46415 90 46.4%
=2X, 3% 3% O A+ 1 0%+ 15%,-2x=3 0 0 0%

12%,-2%,+ Ty 1 7x,7H8R s+ X H8%,+1 Tgt 163,5=7 53582 110 53.6%
2X,+16%,+1 5x5H1 5%, 4H1 0% s+5x6H1 1, H9%Hl 6%+ 7x,0=5 73995 190 74.0%
L5 16X, 3%, 1 75+ 135+ 1 2% H15%4+1 ExgtO%,,=10 96997 190 100%
2% T TR 5%+ 5% K HOX X5 H L 5% 42K, =2 - 9 0 0%

174Ky 285+ 16X, F 2 H1 8% +13%,+1 T H1 7x=1 53583 90 53.6%
3+ 13x, 4 0%, +- 5%, H8x 5+ 1 3%+ 1 8%+ 14x+1 Ex gt 10x,~10 99697 210 “100%
1T F 17, L byt 1 6%, 5% X ohx 2%+ 1 1xg-2% =1 53583 110 53.6%
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Appendix G
~ Average Search Time for Half-Space Range Search
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Table G1 ,
The average half-space range search time (milliseconds) for the k-d Search Skip List

% of points in range 10% or less 40 to 60% 90% or more
k # points Average search time in milliseconds
104 0 5.4 17
i)
5%10° 0.8 45 20
10° 2 110 186
104 0 10 19
7
5%104 1 55 1054
108 2.6 130 213
104 3 -9.7 22
10
5%10¢ 4.4 53.6 99.4
10° 9 106.6 16¢5.5
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Appendix H
Complete Source Code for the Test Drive Routines for
the k-d Search Skip List and the Half-Space Range Search
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H1 Makefile for the k-d Search Skip List
& Half-Space Range Search

testpro: kdtest.o kdskiplist.o
CC -0 $@ kdtest.o kdskiplist.o -Im

testhss: kdtesths.o hskdlist.o
CC -0 $@ kdtesths.o hskdlist.o -lm

kdtest.o: kdskiplist.h kdtest.cc
CC -g -c kdtest.cc

kdtesths.o: hskdlist.h kdtest.cc
CC -DHATLFSPACE -g -¢ -0 $(@ kdtest.cc

kdskiplist.o: kdskiplist.h kdskiplist.cc
CC -g -c kdskiplist.cc

hskdlist.o: hskdlist.h hskdlist.cc
CC -g -¢ hskdlist.cc
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H2 The File “kdskiplist.h”

FAR kR ko ok ok ok ko e skok b ol ok ok kR sk ok ok b ok ok o ¥ o oo ook ke oK & Hk

// File name: kdskiplist.h

/f Description: Declarations of class templates
# KDSSkipNode<T>

i KDSSkipList<T>

/{ Written by: Yunlan Pan

/ Date: April 17, 1997

i

// Details: KDSSkipList<T>: implements a k-d search skip list
i that has the following methods: .

i - insert data

i - delete data

i - semi-infinity range search

4 - range search

i - search a node for data

i - traverse entire list

/"

FiFE R ke e ok ek A ok ok ok ko ok ok b kol ek ok sk ke ok ¥ dokok ok gk e ok ok 3 ek ok ok o ckok ke kok

#ifndef KDSSKIPLIST II
#define KDSSKIPLIST H

#include <stdlib.h>
#inciude <iostream.h>

#define k 5 /f Suppose our.dimension is 10

#define maxht 64 /f for deletion stack

#define min(a, b) ((a) < (b) ? (a) : (b))

#define max(a, b) ((a) > (b) 2 {(a) : (b))

// Replace maxkey and minkey by the max and min of T (the ternplate)
#define maxkey 2147483647 // maxkey := (2"31)-1

#define minkey -2147483648 // minkey = -(2"31)- 1

template<class T> class KDSSkipList; /! predeclaration

J RSk ok dekok ol R ok ok ook ok ook ool ks ok ok Ak bk ok ok R ek ok kKR ok Rk ko

i class KDSSkipNode
i T: non pointer! e.g, int, float, object of string class, ete.
i Such class T must have copy constructor, overloaded assignment

i operator and overloaded operators: =, >, <, efc,
jf***’&$******$***$**$***" ..... Fokeck deokeok sk e 9 o e o ol ool s e ofe ke ol e ol e o s ok o ke o e sk ok e sk ok

template<class T>
class KDSSkipNode

{
friend class KDSSkipList<T>;

fiFEEEER R kR ko kR Rk PUBLIC [N’I‘ERFACE ek ke k ok ok ook ook ok deokok ok
public:
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KDSSkipNode();
KDSSkipNode(const T inKeys[k], const char* inName);

~KDSSkipNode();
ﬁ'*****************#**ﬁ**** PRIVA'I"E ]N'I‘ER_FACE edeckolt ko ook ok okok s kiR ek e okok
private:

KDSSkipNode<T>  *right, *down;

char *name;

T keys[31{k]; #/ keys[O][): x_1,x 2, ...x k

/ keys[1]]]: 0, minx_2, ..., minx_k
/ keys[11[]: 0, maxx_2, ..., maxx_k

void setName(const char* name);

void setData(const T val[k]);

-void setMin(const T minl{K]);

void setMin{const T min1(k], const T min2[k]);

void setMax(const T max1[k]);

void setMax(const T max1[k], const T max2[k]);

int isMinEegInput(const T input[k}) const;

int isMaxGeqglnput(const T inpui[k]) const;

int isDataInRange(const T* minR, const T* maxR) const;
int isDatalnRange(const T* minR, const T& highl) const;

el

int isDataInRange(const T& low1, const T* maxR) const;

¥

j}ﬂ& s ek o ok ook e okok ok kok ok ook o ok ok okoke ok ke deske skl ol o ol e okl s okoke e ok ok ok ool ol ot o o ok ok ok ok okoke ok ok ok ok

i class KDSSkipList

/1 Assumption: different nodes have different first key, i.e. key[0].
ff**************************&****************?&$**$*************$$**$****

template<class T>
class KDSSkipList

{

/}.’***********************$* PU'BLIC INTERFACE e3R8 ok ok ok ok sk ok o s keoke sk ke R R ok ik
public:

KDSSkipList();

~KDSSkipList(){clear(); }

const KDSSkipNode<T>* getHead() const {return head;}
int getHeight() const;
int insert(const T val[k], char* name=NULLY};
const KDSSkipNode<T>* search(const T& val, long& numOfComps) const;
‘void rangeSearch{const KDDSSkipNode<T>& startNode,
const T minRange(k],
const T maxRange[k],
const T& maxFirst,
long& numFound) const;
void rangeSearchUp(const KDSSkipNode<T>& startNode,
const T minRange[k], '
const T& highl, // max range for x_1
const T& maxFirst,
long& num¥Found) const; /# up semi-infinite
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void rangeSearchDown(const KDSSkipNode<T>& stariNode,
: const T maxRange[k],
const T& lowl, // min range forx_1
const T& maxFirst,
long& numFound) const; // down semi-infinite
int deleteNode(const T& v);
void printList() const;

f{***********$*********$**$ PRIVATE INTERFACE Fddeck ke ok ek dkeck ok ok R R Rk
private:
KID8SkipNode<T> *head, *bottom, *tail;

void newMaxMin(KDSSkipNode<T>& inNode); // reset the max and min for
Ax_ 2, .,x k

void printNodeData(const KDSSkipNode<T>& node) const;

void printNodeMin(const KDSSkipNode<T>& node) const;

void printNodeMax(const KDSSkipNode<T>& node) const;

void clear();

#endif
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H3 The File “kdskiplist.cc”

H********$**$$*****$*$$***#$$$*$***#***$*$$**$***$*********$$**$**$**$$
// Module: kdskiplist.cc

// Deseription:  Implementation of KDSSkipNode and KDSSkipList classes

/f Written by: Yunlan Pan

// Date: May 17, 1997

H
ﬂ**"" e o ok ook ok ok ‘**s******?**$$**$**$$**$**********$***$**$***$*
#include <iostream.h>

#include <string.h>
#include "kdskiplist.h"

ﬁ*********************InnﬂenwnuﬁknlofKJ)SSkhﬂﬁode********************

SEERE Rk e Rk dok ok dokokok b dokok dokok i ok Rk ok doofesk e o e e ok o ook o e e ok ok ook ok ko g
// Description: Default constructor of KDSSkipNode.

ﬁ******$**$***$**¥**$***$*****$*************************&*************
template<class T> '
KDSSkipNode<T=>::KDSSkipNode()

: right{NULL), down(NULL), name(NULL)//, seq(0)

{
// Do useless initialization
for (int i=0; i<k; i++)
{
keys[0][1]=0;
keys[1][i]=0;
keys[2][i]=0;
H .
3
ﬁ" .«**$;**' ELEE L E L ETELET e o ohe ol e b e o ol ok o ke OB ok

# Description: Constructor of KDSSkipNode.
ﬁ$*****************&************$$**$******$***$***$******$***$**$***3

template<class T>
KDSSkipNode<T>::KDSSkipNode(const T inKeys[k], const char* inName)

: right(NULL), down(NULL), name(NULL)/, seq(0)
{

this->setData(inKeys);
this->setName(inName);

ﬂ*********$****************$**********$**$***********$**$***$*********

/f Description: Destructor of KDSSkipNode,

JEEES b ok ok e okeok sk ok e o e o o s sheohe o sbe ol e ok ok s ek ke st ok ok s o o e ook o sheobeok o ool o oK KR o e vl koo
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tﬁmplat‘e“éaass >
KDSSkipNode<T>1:~KDSSkipNode()
{
if (name != NULL)
delete[] name;

H*$***********$**$**$**$$**$**$******$******3***$**$$*****$$**$********
// Description: Set the name of the node.
ﬁ********************&*********$**$*******$*$$**$*******$**$*********$$
template<class T>

void KDSSkipNode<T>::setName(const char* inName)

{

// Clear old name first
- if (this->name)
{
delete[] name;
: this->name = NULL;
}
// Set the new name
if (inName != NULL)
{
name = new char[strlen{inName)+F];
strcpy(name, inName);

R er kol kokok okok ok ok Rk ok sk ok kol b sk ok ok sk sk dokk bk ok kR ko dokok b dokak ok

// Description: Set the k key values and the name for the node. :
ﬁ*********$$**$*********$**$*********$$**************#**$**$$**$**$***

template<class T>
void KDSSkipNode<T>::setData(const T inKeys[k])
{
for (int i=0; i<k; ++)
{
keys[0][1] = inKeys[i];

JiF gk Ok kR ok ok stk Rk R Rk ok sk okok ek ek o ko A ok k

// Description: Set the minimum values of x_2, ..., x_k as the minimum

/i of minl[i] and min2[i].

SRRk ko e dokok ek ol R ko deok ok ke kok ek kol e kok ok ok ok ok ok kol R R R ko ok ok ko ok ok ok
template<class T>

void KDSSkipNode<T>::setMin{const T minl[k], const T min2[k])

{

for (int i=1; i<k; i++)

{
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keys[1][i} = min(min1[i}, min2[i]);

}

ﬂ*******"" ook ook o b ok ke ok el e ek o ook e obeokefoR ok e shok ok ok ool e akok gk ok ok R K OB kR kK
// Description: Set the minimuym values of x_2, ..., x_k as the input

SR Ek ek e ok o e e ok e ok okl dedke ek ok ok ok kb kbR Rk ROk R R ok Rk R Rk kR
template<class T>

void KDSSkipNode<T>::setMin(const T minO[k])

{

for (int i=1; i<k; +++)

{

keys[1][i] = minQ[i];
} .

ﬁ*********$**$*********$******3***$**$**********$*************$******$

// Description: Set the maximum values of x_2, ..., x_k as the maximum

/" of max1[i] and max2[i].
H***********#************$**$*********$**********$$**$*******&********
template<class T>

void KDSSkipNode<T>::setMax(const T max[k], const T max2[k])

{
for (int i=1; i<k; i++)
{
keys[2][i] = max(max1[i], max2[i]);
}
}
J/ r— T —— sk e ok o ko e e ook sk AR

// Deseription: Set the maximum values of x_2, ..., x_k as the input.
ﬁ****$$************$$******$*$**$$**********$*********#*******$**$****

template<class T> .
void KDSSkipNode<T>1setMax(const T max0[k])
{
for (int i=1; i<k; i++)
¢
keys[2][i] = max0[i];

/¥ ¥ o o ok ke ok ok ok o B dokok ok 2 b okok o ok k& ok ok gk kR kRO kR Rk

# Description: Check whether all the mins are less than or equal to the

i input. Returns 1 if true, 0 otherwise,

FE R ks ke ok R R ek ko ok ok ok e kol ok o o kol ek sk o bk Ak ok k dokoklob kb ok ok kb ok
template<class T>

int KDSSkipNode<T>::isMinLegInput(const T input[k]) const

{ .
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// We have only k-1 minimums
for (int i=1; i<k; i++)

{
if (keys[1][i] = input[i])
return 0;
:
return 1;

ﬁ*********$************$*********$**$******%**************&***********

// Description: Check whether all the maxs are greater than or equal to the
H input, Returns 1 if true, 0 otherwise.
ﬂ**$*******&***************$**$***************#****$$************$****
template<class T>
int KDSSkipNode<T>::isMaxGeqlnput{const T input[k]} const
{

/1 We have only k-1 maximums

for (int i=1; i<k; i++)

d
if (keys[2][i] < input[i])
retun 0;
1
return 1;

Jf R sk ok e ok ook ok sheokok ek sl ke ook ook s ook s e st okl o skl sk o s o sk o s ok o ok ok ok o ol ok ok s oo sk ok s o

// Description: Check whether all the data are inside the given range.

H If minR == NULL, then we check whether all the data do
i not exceed maxR; I maxR == NULL, check all the data
i not Iess then minR. True, returns 1, false, returns 0.
a7 minR and maxR are arrays with k elements.
ﬁ************$************$***$*****$***$**************&**$$**$*******
template<class T>
int KDSSkipNode<T>::isDataInRange(const T* minR, const T* maxR) const
{ +
int i;

// We have k values to check
if (minR == NULL)

{
for (i=0; i<k; i++)
if (keys[C][i] > maxR[i])
return O;
}
" else if (maxR == NULL)
{

for (i=0; i<k; i++)
if (keys[01[i] < minR[i])
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return 0;

}
else
{
for (i=0; i<k; i++)
{ .
if ((keys[O][i] < minR[i]) || (keys[0][i] > maxR[i])}
return 0;
;
1
return I;
}
FER ok e e ko ook ok okl ok ok ke ok kst el R ook i sl ook s ool ol A kool o s bk ok o B ok ok ok o ol ok ok
H Method: isDatalnRange()
// Description: Check whether all the data are inside the given range.
i {[{minR[0], highl], [minR[1], infinity), ...
i [minR[k-1], infinity)}. True, returns 1, false, returns 0.

ﬁ**************$$*****3*****************&**$*************f************
template<class T> _
int KDSSkipNode<T>1:isDataInRange(const T* minR, const T& highl) const ..
{

// We have k values to check

if (keys[01[0] > highl)
return 0;

else

{
for (int i=0; i<k; i++)
{
if (keys[0][i] < minR[i])
return 0; '

return 1;

F ek ko ko sieokek gk Rtk OBk ok ok ok dokokok deleofoloiok o kol kol ok sobokoolok ol ok ok ko ook ok

/ Method: isDatalnRange()
// Description: Check whether all the data are inside the given range.
i {[lowl, maxR[0]], (-infinity, maxR[1]], ...
i (-infinity, maxR[k-11]}. True, returns 1, false, retums 0.
ﬁ$*******$***¥*********3************* e ook e v ok e ok e o) ok ke
template<class T>
int KDSSkipNode<T>:risDatalnRange(const T& low], const T* maxR)} const
{

/f We have k values to check

if (keys[0][0] < lowl)

return Q;
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else

{
for (int i=0; i<k; i++)
{ _
if (keys[0][i] > maxR[i])
return 0;
¥
}
return 1;
t
Aok RRR kR kkk kb Implementation of KDSSkipList *# * Rk dokokd TEEE
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/ Description: Constructor of KDSSkipList<T=>.

fiFFEEEkE ook e keok e sk s ook R ok skok o o o e she ok ok ool o s ofe ool o ook e o e o O ok o ol o o e ook s
template<class T>

KD8SkipList<T>::KIDD8SkipList(}

{

int i=0;

head = new KDSSkipNode<T=();
tail = new KDSSkipNode<T>();
bottom = new KDSSkipNode<T>();

head->keys[0][0] = maxkey;

for (i=1; i<k; i++)

{
head->keys{1][i] = maxkey;
head->keys[2][i] = minkey;

!

head->down = bottom;

head->right = tail;

bottom->right = bottom;
bottom->>down = bottom;

tail->keys[0][0] = maxkey;
tail->right = tail;
/1 - sequence = (;

}

fER R ek B e ke ke op e okof ok e ok ok o ok e ok ok e ok ook o ek ok ook dokok
// Description: returns the height of this k-d search skip list.

i head and bottom are not contributed to height.

£ R ek ok o ko e OB sk e ok oo ok ok ol ok o kool sk ok s okeoke o o e kB stk sl o e oo ok sl e ol e ok e ol ke o

template<class T>
int KDSSkipList<T>::getHeight() const
{
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registerint  h;

KDSSkipNode<T>* x = head->down;
h=0;

while (x!=bottom)

{ .
x = x->down;
ht+;

3

I
return{h);

FAF Rk ek e ok R ok ok ko ook o e ek ok o skok o ok ok s e kel ok o e skok ok ok ok bk e R ok ok

// Description: Returns the node whose keys[0][0] matches the input.
i If there is no node matching it, bottom node will
" be returned.
ﬁ******$$**$*******************3*************3*******$*$$*********¥**$
template<class T> :
const KDSSkipNode<T>* KDSSkipList<T>::search(

const T& val, long& numOfComps) const

{
KIDSSkipNode<T>#* tmpNode;
numOQfComps = (;
tmpNode = head;
while (tmpNode != bottom)
{
while (val > tmpNode->keys[0][0])
{
tmpNode = tmpNode->right;
mumOfComps-++;
¥
if (trupNode->down = bottom)
{
mumOfComps++;
retusn( (val = tmpNode->keys{0][0]) ?
tmpNode : bottom );
;
tmpNode = tmpNode->down;
}
return bottom;
.
H********************$*************$**$$******¥**$$**$ """ h ok ok F ook
X Deescription; Insert the data val[k] and name into the
H - k-d search skiplist. If the data is already in
i the list, it returns 0, otherwise it returns 1,
i _ which means that the data was inserted suceessfully.
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ﬂ**#******:&$********$*****$***$**$$****$$**$*****************?**$*****
template<class T>
int KDSSkipList<T>::insert(const T val[k], char* name)
¢
KDSSkipNode<T>* tmpNode = head;
KDS8kipNode<T>* newNode = NULL;

register int inSub = 0; /7 1 if val[0][0] goes in tmpNode's subtree.
register int addl = 0; /7 1 if a node was added at this level.
register int success = 1;

// Set the bottom just for the comparisom consistency
bottom->setData(val);

bottom->setName(name};

bottom->setMin(val);

bottom->setMax(val);

// Do at each level
while (tmpNode = bottom)
{

/# find where you drop
while (*val > tmpNode->keys[0][0])
tmpNode = tmpNode->right;

addl =0;
if (tmpNode->keys[0][0] >
tmpNode->down->right->right->keys[0110])
{ // if 3 elms at level below, or ...
# ... at botiom level + must insert...
... ==>raise middle elm
/7 Add anode. Include keeping track of minimum
// and maximum y as the node is added.
newNode = new KDSSkipNode<T>;
/{ sequence ++;
newNode->right = tmpNode->right;
newNode->down = tmpNode->down->right->right;
tmpNode->right = newNode;
inSub = (tmpNode->down->right->keys[0][0] > *val);
newNode->setData(tmpNode->keys[Q]);
newNode->setName(tmpNode->name);
newNode->setMin{newNode->down->keys[ 1],
newNode->down->right->keys[1]);
newNode->setMax(newNode->down->keys[2],
newNode-}down->nght->keys[2]);

if (tinSub)
{
newNode->setMin(newNode->keys[1], val);
newNode->setMax(newNode->keys[2], val);
} -

if (newNode->down == bottom)
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{ # leaf level
newNode->setMin(tmpNode->keys[1]);
newNode->setMax(tmpNode->keys[2]);
newNode->setName(tmpNode->name);

) .

‘tmpNode->setData(tmpNede->down->right->keys[01]);
tmpNode->setName(tmpNode->down->right->name);

tmpNode->setMin(tmpNode->down->right->keys[1],

tmpNode->down->keys[1]);
tmpNode->setMax(tmpNode->down->right->keys{2],
tmpNode->down->keys[2]);

if (inSub)
{
tmpNode-=setMin(tmpNode->keys[1], val);
tmpNode->setMax(tmpNode->keys[2], val);
§
add] = i;
t

else if (tmpNode->down == bottom)
/1 if insert_Key already in KDSkipList -
success =

if(tmpNode->down 1= bottom && laddl)
{
tmpNode->setMin{tmpNode->keys[1], val);
tmpNode->setMax(tmpNode->keys[2], val);
h
tmpNode = tmpNode->down;
} /fwhile

if (head->right 1= tail)
{ // raise height of KDSSkiplist if necessary
newNode = new KDSSkipNode<T=;
newiNode->down = head;
newNode->right = tail;
newNode->keys[0][0] = maxkey;
/fsequence ++;
/mewNode->seq = sequence;
newNode->setMin(newNode->down->keys[ ],
newNode->down->right->keys[1]%
newNode->setMax(newNode->down->keys[2],
newNode->down->right->keys[2]);
head = newNode; _

}

return{success);

F7ARE sk kR ok Rk Rt ook Aok ol kool ok oo ok oot sk ol ok R ook o stk ok skl o ok o KO ok ko ok o ok ok ok ok

// Deseription: Perform range search on k-d priority search tree
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H constructed using a deterministic skip list. i.e., report
# all points lying inside the range ([minl:max1],
i [min2:max2], ..., [mink:maxk]).
/! Argument: _
i maxFirst: maximurm first dimensional value in the subtree
/ rooted startNode. :
ﬂ************$$********&*****3***$************************************
template<class T>
void KDSSkipList<T>::rangeSearch(const KDSSkipNode<T>& stariNode,
const T minRange[k],
const T maxRange[k],
const T& maxFirst,
long& numFound) const

If ((&startNode 1= bottom) && (&startNode I= tail))
{ .
if {(startNode.down != bottom) &&
(startNode.isMinLegInput{maxRange)) &&
(startNode.isMaxGeqInput{minRange)))
{ /f Not leaf level
// Check the first data to see which branch it goes
if (*minRange <= startNode. keys[0][0]) .
rangeSearch( *startNode.down, minRange,
maxRange, startNode keys[0][0], numFound);
if ((startNode.keys[0][0] < *maxRange) &&
(starfNode keys[0][0] < maxFirst))
rangeSearch(*startNode.right, minRange,
maxRange, maxFirst, numFound);
}
else if (startNode.down == bottom)
{ /f leaf level, report points if in range
if {(startNode.isDatalnRange(minRange, maxRange))
{
/fprinfNodeData(startNode);
numFound-++;

}

// Keep check the right points
if { (startNode keys[(H[0] < *maxRange) &&
(startNode.keys[0][0] < maxFirst) )
rangeSearch{ *startNode.right, minRange,
maxRange, maxFirst, numFound);

ﬁ************$**$**$*****$**************$$*$$***$*************$$*****$

// Method: rangeSearchUp{}

// Description: Perform up semi-infinite range search on k-d priority search
H tree constructed using a deterministic skip list, i.e.,

i report all points lying inside the range (fminl:max1],
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" [min2:infinity), ..., fmink:infinity)).

A Argument:
i maxFirst: maximum first dimensional value in the subtree
i rooted startNode.
i highl: max range for x_1,
ﬁ’***#*$**$*********$*********$**$**$***$********#ﬂt**********5&*********
template<class T>
void KDSSkipList<T>::rangeSearchUp(const KDSSkipNode<T>& startNode,
const T minRange[k],
const T& highl,
const T& maxFirst,
long& numFound) const
{
if ((&stertNode = bottom) && (&startNode != tail))
{
if {{startNode.down 1= bottom) &&
(startNode.isMax GegInput{minRange)))
H // Not leaf level
// Check the first data to see which branch it goes
if (*minRange <= startNode.keys[0][0])
rangeSearchUp(*startNode.down, minRange,
hight, startNode.keys[0][0], numFound);
if ((startNode.keys[01f0] < highl) && :
(startNode.keys[0][0] < maxFirst))
rangeSearchUp(*startNode.right, minRange,
_highl, maxFirst, numFound);
¥
else if (startNode.down == bottom)
§ // leaf level, report points if in range
if (startNode.isDatalnRange(minRange, highl}))
{
/printNodeData(startNode);
numFound+-+;
) .
// Keep check the right points
if ( (startNode.keys[0][0] < highl) &&
(startNode keys[0][0] < maxFirst) )
rangeSearchUp(*startNode.right, minRange,
highl, maxFirst, numFound);
}
§
h
) JiEERE Rk e o ook ook ook ook % e oo o ook ok ok ek ok Ok ek ok vk R okeok ek
/f Method: rangeSearchDown()
// Description: Perform up semi-infinite range search on k-d priority search
i tree constructed using a deterministic skip list. i.e.,
i report all points lying inside the range ({minl:max1],
i (-infinity, max2], ..., (-infinity, maxk]).
/f Argument;
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1/ maxFirst: maximum first dimensional value in the subtree
I . rooted startNode,
i highl: min range forx_1.

ﬁ***%******$$********$**$**$***$*$$*****************#*********&*******
template<class T> :
void KDSSkipList<T>::rangeSearchDown(const KDSSkipNode<T>& starfNode,

" const T maxRange[k],
const T& lowl,
const T& maxFirst,
long& numFound) const
{
if ((&startNode != bottom) && (&startNode = tail))
{
if ((startNode.down != bottom) &&
(startNode.isMini_eqInput{maxRange)))
{ # Not leaf level
/f Check the first data to see which branch it goes
if (lowl <= startNode.keys[0][0])
rangeSearchDown(*startNode.down, maxRange,
lowl, startNode keys[0][0], numFound);
if ((startNode.keys[0][0] < *maxRange) &&
(startNode.keys[0][0] < maxFirst))
rangeSearchDown(*startNode.right, maxRange,
low1, maxFirst, numFound);
H
else if (startNode.down == bottomn)
{ // leaf level, report points if in range
if (startNode.isDataInRange({low1, maxRange))
{
/printNodeData(startNode);
numFound++; -
1
// Keep check the right points
if { (startNode keys[0][0] < *maxRange) &&
(starfNode keys[0][0] < maxFirst) )
rangeSearchDown( *startNode.right, maxRange,
low], maxFirst, numFound);
. i
}
)

FRk ke ko ook ok dek ol ok Bk ek o okok dedkook ol ok ook ok okokeok deskok sk e ol Rtk e ok ok ko ok ok ek R

/ Method: printNodeData()
// Deseription: Print the node (without the minimum and maximum}. _
ﬁ*******3*********$$**$******$**$***" ..... Feofe ok o oo ek o ok ok ko

template<class T>
void KDSSkipList<T=>::printNodeData(const KDSSkipNode<T>& node) const
{ .
cout << endl;
cout << "\t Data of the Node: (*;
for (int i=0; i<k-1; i++)
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cout << node.keys[0][i] <<", "
cout << node. keys{0]{k-1];

if (node.name)
cout << " " << node.name;

cout << ");" << endl;

f{ARd ok ok ok deokeok Rk ek gk aoleokok o shok o ek ok B ek o ook s e ook sieoke o s ok o OB S ok o sk ok ok

// Method: printNodeMin()
// Description: Print the node's minimum values.
”*' e o ok o ook ok ok e ofeche 3 ook sk o o s skeoke o e ool ok s o ok s o 98B o ok o oo ok s ke ke ol e ook s o o sk ke ok
template<class T>
void KDSSkipList<T>::printNodeMin(const KDSSkipNode<T>& nede) const
{ .

cout << "\t Min of the Node: (";

for (int i=1; i<k-1; i++)

cout << node.keys[1][i] <<", *;
cout << node keys[1]{k-1] << "};" << endl;

ﬁ*****$$**$**$******$*********$**$*******$**********#*****************
# Method: printNodeMax()

#/ Description: Print the node’s maximum valoes, :

ﬂ***********" ook ok ok & oo ek o ook o oo e o e oo o ook shodeok skl ok

template<class T>
void KDSSkipList<T>::printNodeMax(const KDSSkipNode<T=>& node) const
/ :
cout << "t Max of the Node: (";
for (int i=1; i<k-1; i++)
cout << node.keys[2][i] << ", ™;
cout << node.keys[2][k-1] << ");" << endl;

ﬁ*$*************$************$*************************&*************$

/f Method: newMaxMin()

/f Description: reset the max and min for x_2, ..., x_k for inNode.

i The method is called in the deletion method.
ﬁ********$**$*************$******$***$$**************$**************&*
template<class T>

void KDSSkipList<T>::newMaxMin(KDSSkipNode<T>& inNode)

{

KDSSkipNode<T=* tmp;
int repeat; '
int i=0; Hloop index

tmp = inNode.down;
if (tmp = bottom)

{
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Tepeat=1;

inNode.setMin{tmp->keys[1]);

inNode. setMax(tmp->keys[2]);

while ((tmp->keys[0][0] <= inNode.keys[0][0]) && repeat)

if (tmp->keys[0][01 == maxkey)
repeat = Q;

// Update mins and maxs for inNode

for (i=1; i<k; i++)

{ .

if (tmp->keys[1][i] < inNode.keys{1][iD
inNode keys[1][i] = tmp->keys[1][i];

if (tmp->keys[2][i] > inNode.keys[2][i])
inNede.keys[2][i] = tmp->keys[2][i};

}

tmp = tmp->right;
b
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H Method: deleteNode()
// Description: delete a node matching the input key.
i/ If the deletion succeeds, it returns 1. Otherwise if there
ff is no such node in the list, it returns 0.
i Implemetation notes:
i If drop in last gap merge/borrow with/from previous gap
i Second pass (always); -- after you reach bottom level
H -- from top of DSL
JiEE e ok 2 e ok o ke ok ek sl e ke sl e ko ook e sleoksk kb ol ok feokok ok ok B R ROk Rk fok ok Rk R ok
template<class T>
int KDSSkipList<T>::deleteNode(const T& v)
{ .
KDSSkipNode<T> *x, *px, *nx, *t, *plafmaxht];
/ px: previous x
f/ nx: next x
/f pla; stack

int  success; botlast, npla;
char* predname; // name of predecessor del_key at bottom level

T pred[k]; //data of predecessor del key at bottom level
T lastAbove; // righmost key on search path at level above
% = head->down; /f x = current elm in search path

success = (x 1= bottom);

bottom->keys[0][0] = v;

lastAbove = head->keys[0][0]; // righmost keys on search path
/ at level above

npla=Q;

pla[npla] = head;

while (x = bottom)

{ //do atevery level
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while (v > x->keys[0][0D
{ // find where you drop
px=x;  //keeping track of the previous gap
X = X->1ight;
} . .
nx = x->down; // mark where to drop at level below
if (x->keys[0][0] == nx->right->keys[0][0])
{ .
/1 if {only 1 elm in gap to drop} or
// {at bottom level + must delete}
if (x->keys[0][0] = lastAbove)
{//if DOESN'T drop in last gap
t= x->right;
if {(t->keys[01[0] == t->down->right->keys[0][0])
I
(nx == bottom) )
{
/ if only 1 elm in next gap or at
// bottom level
/ lower separator of current-+next gap
x->right = t->right;
x->setData(t->keys[0]);
x->setMin(t->keys[1]);
x->setMax(t->keys[2]);
x->setName(t->name);
delete t;

else
{ #if >=2 elms in next gap
// raise 1st elm in next gap
x->setData(t->down->keys[0]);
/ lower separator of current+next gap
t->down = t->down->tight;
newMaxMin(*t);
}
}
else //if DOES drop in last gap '
if {(px->keys{0][0] <= px->down->right->keys[0][0])
H / if only I elm in previous gap
botlast=0;
if (nx == bottom}
{ #/ if del_Key is in elm of height>1
botlast = 1;
/ predecessor of del_key at bottom level
for(int j=0; j<k; j++)
pred[j] = px->keys[0][j];
predname = px->name;

/! lower separator of previous+current gap
px->right = x->right;

px->keys[0][0] = x->keys[0][0];

if (1botlast)

{
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px->setData(x->keys[0]);

px->setMin(x->keys[1]);

px->setMax(x->keys{2]);
px->setName(x->name);

}
delete x;
X = Px;

¥

else _

{  //if>=2 elms in previous gap
/# t=last elm in previous gap
KDS§SkipNode<E>* tmp = px->down->tight->right;
t = {px->keys{0][0] == tmp->keys[0][0] ?
px->down->right : tmp);

// raise last elm in previous gap & lower
/fseparator of previous+current gap
px->setData(t->keys[0]);
x->down = t->right;
newMaxMin(*px);

¥

} // end of if

else if (nx == bottom) / if del_Key not in KDSSL

success = 0; :

lastAbove = x->keys[0][0];
nplat++;

pla[npla] = x;

X = nx;

} // end of while

// Do a 2nd pass, for the case that del_key was in elm of height>1
x = head->down; :
while (x !=bottom)
{
while (v > x->keys[0][0])
X = X->right;

if (v ==x->keys[0][0]
{
x->setData{pred);
x->setName(predname);
t
X = x->down;

3

/f Check and reset mins and maxs for all nodes
for (int i=npla; i>=0; i--)
newMaxMin(*pla[i]); //on path to deleted key.

if (head->down->right == tail)

{ / lower header of DSL, if necessary
x = head;
head = x->down;
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delete x;
H

return{success);
ﬁ$*" b ok ok ok e ofeche o e okeokalof sk oo sk ook ok s ool o o okooke e sk ok ok sk ok oK o o ok s oo o e ok OB ko ok
/f Method: printList()
// Description: Print the whole skiplist (head is printed, bottom and tail
i are not printed.
ﬁ**********$*$‘ e oo o e ook ook ok #fookok % ook ok e ke ok B o ok deckok o bokok ke Ok ook ek

template<class T>
void KDS8kipList<T>::printList() const

{
KDSSkipNode<T> *xx, *x;
cout << " The List Contains the Following Points:\n" << endl;
xx = head;
while (xx!= bottom)
{
X =XX;
while (x->keys[0][0] != maxkey)
{
printNodeData(*x);
printNodeMin(*x);
printNodeMax(*x);
X = X->right;
H
cout << endl;
cout << "MaxKey:" << x->keys[0][0] << end];
printNodeMin(*x);
printNodeMax(*x);
xx = xx->down,
H
H
Jk Rk R ook ok ok oK R ok oo Sk OB e vk s st sk o s ok oo s ool oo seokeok ke oK
/f Method: clear() :
/f Description: Clear the whole list. All the memory allocated will be
H released. It is used in the destructor,
ﬁ**$$*****************$**$***********‘"" ek et deokeck doolokok ok akeok R b R ok o ok R

template<class T>
void KDSSkipList<T>::clear()

{
KDS8kipNode<T> *x, *tmp, *down;
X = head:
while (x != botiom)
{

down = x->down; /# hold down since xx will be deleted
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/f Clean the level where x ties
while (x->keys[(][0] != maxkey)
{ :

tmp = X;
X = X->right;
delete tmp;

}

delete x; // delet the node with maxKey

// Starts the next level
x = down;

}

delete bottom;
delete tail;
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H4 The File “hskdlist.h”

FFE SRk ook gk ok kR ok b kg o o ek ok o & ek bkl ko e deckok ook ok kb ok %

/ File name: hskdlist.h
// Description: ~ Declarations of class templates

i KDSSkipNode<T>

/" KDSSkipList<T>

/ Written by: Yunlan Pan .
{Date: June 29, 1997, Modified the node such that it

H contains the minimum and maximum values for the
i _ first dimension too. Such modification will be used
i by the added half-space range search,

#

/f Details: ~ KDSSkipList<T>: implements a k-d search skip list
i that has the following methods:

/i - insert data '

i - delete data

i - semi-infinity range search

i - range search

H - half-space range search (Added Fune 29, 97)
i - search a node for data

i - traverse entire list

i

FEE R ko etk ko kbR dekok ol b o ko ok deokokodolt oo ekl ko dolokioR ook okl ok ok R ok R EORER ok &

#ifndef KDSSKIPLIST H
#define KDSSKIPLIST H

#include <stdlib.h=
#include <iostream.h>

#define k 7 " // The given dimension

#define maxht 64 /f for deletion stack

#define min(a, b) ((a) <(b) ? (a) : (b))

#define max(a, b} ((a) > (b) ? (a) : (b))

// Replace maxkey and minkey by the max and min of T (the template)
#define maxkey 2147483647 // maxkey ;= (2"31)-1

#define minkey -2147483648 // minkey = -(2*31)- |

template<iclass T> class KDSSkipList; /f predeclaration
ﬁ*************&*******************************************&***********
i class KDSSkipNode

/ T: non pointer! e.g, int, float, object of string class, etc.

i Such class T must have copy constructor, overloaded assignment

I operator and overloaded operators: ==, >, <, efc,

i )

H Midification on June 29, 97: For half-space range search, only
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i the number types {c.g., int, long, float, etc.) are valid.

FHEE R ok ok deokek stk b ok o ko ko s sk ok ok sk okl kol o ook sl R ok o kol o R ok o ook ok ok

template<class T>
class KDSSkipNode
{
friend class KDSSkipList<F>;
JfFFFERERY i e o o o oo ok ¥k PUBLIC INTERFACE Heokok g dokok ek ok ok ok dokokokok R R ek
public:
KDSSkipNode();
KDSSkipNode(const T inKeys[k], const char* inName);
~KDSSkipNode();
SRRk R ek A ok ok ko ek ko PRIVATE ]N’I‘ERPACE o ook ek ol ok b kb kb ke o
private:
KDSSkipNode<T>  *right, *down;
char *name;
T keys[3][k]; #/ keys[O][): x_L.x 2, ..,x k

# keys[1][}: minx_I, ..., minx_k
/ keys[1][]: maxx_1, ..., maxx_k

void setName(const char* name);
void setData(const T val[k]);
void setMin(const T minl[k]);
void setMin{const T min1[k}, const T min2[k]);
void setMax(const T max1[k]):
void setMax(const T max1[k], const T max2[k]);
int isDatalnHalfSp(const T* halfSp) const;
void getLimits(const T* halfSp, double low[k], double up{k]) const;
void checkPosition(const T* halfSp, const double* low,
const double® up, int& in, int& prune) const;

IR

SRRk e s e R ok ok ok ok ol o ook ok ok e ko ek ok o ok ok ook ook o ek kool okod ok ok ko R ke

i class KDSSkipList

// Assumption: different nodes have different first key, i.e. key[0].

ffRERE Rk Aok ook kokok ek ook o koo ek ¥ ok ke ook ok heokeok FFFE

template<class T>

class KDSSkipList

{

JiFEk ek kR kg ko ek ok FUELIC INTERFACE ek ek e kdolok SR kol ok dekko ok

public: '
KDSSkipList();

~KDSSkipList() {clear(); }

const KDSSkipNode<T>* getHead() const {return head;}
int getHeight() const; '
int insert{const T val[k], char* name=NULL);
void halfSpSearch{const KDSSkipNode<T>& startNode,
const T halfSp[k+1],
const T& maxFirst, -
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long& numFound) const;
int deleteNode(const T& v);
void printList() const;

ﬁ'***********$************$ PRIVATE INTERFACE ook e sk O ook kol ok e dkeok kol Rk ok
private:
KDSSkipNode<T> *head, *bottom, *tail;

void newMaxMin(KDSSkipNode<T>& inNode); // reset the max and min for
Hx 2,..,% k

void printNodeData(const KDSSkipNode<T>& node) const;

void printNodeMin(const KDSSkipNode<T>& node) const;

void printNodeMax(const KDSSkipNode<T>& node) const;

void repSubList(const KDSSkipNode<T>& bNode, long& numRepart) const;
void clear();

5

#endif
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HS The File “hskdlist.cc”

AR ARk ko R Ol ko o e R R o ke o s ook ke S o ok b ok Rk ko
/f Module: hskdtist.cc’

// Description:  Implementation of KIDSSkipNode and KDSSkipList classes
/f Written by: Yunlan Pan
/f Date: June 29, 1997, Modified the node such that it

I contains the minimum and maximum values for the
i first dimension too. Such modification will be used
i by the added half-space range search,

i

J Rk o ek v sk ook sk ko sl sk ook s s oke sl sk e sl kool iR e ok ok ook o s o o ok o kol o ook o ok o e ko bk o R ok

#include <iostream.h>
#include <string h>

#include "hskdlist h"

Fasdd et Lo to s iz tstd Implementation OfKDSSkleOde deck deokok sk Aok dkokoRk R ok ok dckok &

FEF R Rk ek e kR ok kR R ko ok *******L** gkt gk ook dod ok ok o eokoR ook kekejok Rkt ok ok

// Description: Default constructor of KDSSkipNode.

!’[***éﬁ*** ek ko ke s oo sk ook e ok e ok ok ok oo o sk ook o st okl sk ok s sk ok o sk ok o sk ook o e ok ool ke ok o s ok ok ok ook ke ok

template<class T>
KD&SkipNode<T>::KDSSkipNode()

: right{NULL), down(NULL), name(NULL)/, seq({))
{

// Do useless initialization
for (int i=0; i<k; i++)

{
keys[0][i]=0;
keys[1][i]=0;
keys[2][i]=0;
}

F ks dedokok ke R o R ko sk kool ol ol okok o sl sk oo ok ok skl ke e R ko o ok oR o ok ok bk ek ook

#/ Description: Constructor of KDSSkipNode.

fEEERE ek ek ook R ok Aok ok dokok sk ok R kok e hokok deskkok dekok o ok R ok ok S okok ok ok R ok e ok kol

template<class T>

KDSSkipNode<T>::KDSSkipNode(const T inKeys[k], const char* inName)
: Tight{NULL), down({NULL), name(NULL)//, seq(0)

{

this->setData(inKeys);
this->setMin(inKeys);
this->setMax{inKeys),
this->setName(inName);

200




FAE R Rk ko ok o ko R R ok ook ok ki ook ok okl ok sl ookl siook e sk ol o sl e e s kool o R ool o ok ok

// Description: Destructor of KDSSkipNode.

FR e ok deekodoR e ok B ko dedotol kol ko Aok ok ok ok sk ok ol p ok ok ok ok R Bk k ok ok ek ok

template<class T>
KDSSkipNode<T>::~KDSSkipNode()
{

if (name !=NULL)
delete[] name;

Fkd e s ok eokeok ekt s ok ook ok ook sl sfe R ek ook o sk ok Ok Sk o sk sk o i ok ok s skok o ek o sk okl e o e

// Description: Set the name of the node.

SRRk sk Rk ok ko e o ok ok o g ook ok ookl ek ook ok e ok ol e ke o keok ekl ok e
template<class T>

void KDSSkipNode<T->::setName(const char* inName)

{

/! Clear old name first

if (this->name)

{
delete[] name;
this->name = NULL;

// Set the new name

if (inName 1= NULL)

{
name = new char[strlen(inName)+1];
strepy(name, inName);

Fok Rk ook solakok deokkor kol ok o seokok deokollol S0k ok sk kol deokok dokkok ok ok sk ok sl ol Rk Rk R R

/ Description: Set the k key values and the name for the node.
FAFFFERRE R Rk Rk Rk R oR ko okok doksk ook R R ok i okok S ekok R kR R R Aok ook ok
template<class T>
void KDSSkipNode<T>::setData(const T inKeys{k]}
{

for (int i=0; i<k; i++)

{

keys[0][i] = inKeys[i];

JER R e o ek R e ko ke ook ookl ek ok o sk ok o sk o Rl el oo ook s e ok o o ol e o ko ok ke ok

// Description: Set the minimum values of x_1, ..., x_k as the mininmm
H of minl[i] and min2[i].

7 sk s b o ok e ok ook o s ke s e sk B e skl ook skoke ol o o o o o ok ok o st ook s ool ol ko skl ok o e ok o oo b oo ook o
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template<class T>
void KDSSkipNode<T>::setMin(const T minl[k], const T min2{k])
{ :

for (int i=0; i<k; i++)

{
}

keys[1][i] = min(min1[i], min2[iD);

fiAR ok sk ok ok Rk ok kR kot koK skok ok ok kB ok ok dokeok ol oo ke ookt ok ok R ok ek ke o

/! Description: Set the minimum values of x 1, ..., x k as the input
T e
ﬁ***********#***&**$**$**$**$$*****3***&**$******************#*****$**

template<class T> ) :
void KDSSkipNode<T>::setMin(const T min0{k])
{ .
for (int i=0; i<k; i++)
{
keys[1][i] = minO[i];

FR s e ook ok o ok ke ok sk sl e kol ook ol sk ok ook R ok ok ol e kol ok o o okl ok ook ko ok kol ok ok

# Description: Set the maximum values of x_1, ..., x_k as the maximum
i - of max1[i] and max2[i].
ﬁ*************************$**********$**$$**$***********************$$
template<class T>
void KDSSkipNode<T>::setMax(const T max1[k], const T max2{k])
§ .

for (int i=0; i<k; +H+)

{
3

keys{2][i] = max{max1[i], max2[i]);

F ko ok sk dekok dokaoR sk o shok ok okl s ol R ek ok ook seolok ol R R bk kb ok dokek sk ek R

// Description: Set the maximum values of x_1I, ..., X_k as the input,
ﬁ***************************&****************$*******%******$$**$*****
template<class T>
“void KDSSkipNode<T>::setMax(const T max0[k])
{
for (int i=0; i<k; i++)

{

keys[2][i] = max0[i];
} .

ﬁ$***********$**$***$********$***#******$**$$**********&**#***********

/ Method: isDataInHalfSp()
// Description; Used only by half-space range search.
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o . Check whether this node is in the positive half space
i of the input hyperplane. Return 1 if it is, O otherwise.

i For the nede previous tail in the leaf level, it returns 0.
”#$**$****$**$********$*******#***********$$**$**$$**$*********$******

template<class T> :
int KDSSkipNode<T>::isDatalnHalfSp(const T* halfSp) const

{
if (keys[0][0] == maxkey)
i .

// No data in such node, like head
return 0;

}
T lside=0;

for (int i=0; i<k; i++)

{
}

if (1side > halfSp[k])
return 1;

Iside += halfSp[i]*keys[0][i];

return 0;

FfF Rk dokok kb kol b ko ok OR S ko ok ko s ROR ok ot sk ok ok R KRR ook ok R ko sk

/ Method: getLimits()

/{ Description: This methoed is used by half-space range search.

H Get the lower and upper limits to help determine whether

i ~ we should report a subtree or prune a subtree.

/f Arguments:

" halfSp: input, k+1 array of coefficients of the hyperplane.

H low: output, x'_i in the thesis.

fl up: output, x" i in the thesis,
ﬁ*********$****************$************************&**$$*********$**$
template<class T>

void KDSSkipNode<T>::getLimits(const T* halfSp,
' double low[k], double up[k]) const
{

T mins[k], maxs[k];
inti;  / Loop index

for (i=0; i<k; i++)

{

if (halfSp[i] > O

{ mins[i] = -halfSp[i}*keys{2][i};
maxs[i] = -halfSp[il*keys[1][i]:

ilse if (halfSp[i] < 0)

{ mins[i] = -halfSp[i]*keys[1][i];
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maxs[i] = -halfSp[ij*keys[2][il;

}
else
mins(i] = maxs[i] = 0;
} N
. # Get the low and up

double hmins = mins[0];
double hmaxs = maxs[0];
for (i=1; i<k; it+)

{
hmins += mins[i];
hmaxs += maxs{i];
}
hmins += halfSp[k];
hmaxs += halfSp[k];
for (i=0; i<k; it++
3 '
if (halfSp[i] = 0)
{
low[i] = (henins - mins[i]/halfSpJi];
up[i] = (hmaxs - maxs[i]yhalfSp[i];
H
else
{
low{i] = (double)minkey;
up[i] = (doubleymaxkey;
}

ﬁ**************$*******************3*******$**$******$***$**$*********

/ Method: checkPosition()

// Description: This method is used by half-space range search.

i Check whether the subtree starts at this node completely
i resides in the positive side of the hyperplane or should
i be pruned or should be checked more.

/f Arguments:

i halfSp: input, k+1 array of coefficients of the hyperplane.

i low: input, X', 1 in the thesis,

" up: input, x"_i in the thesis.

i in: output, 1 means the subtree resides in the half-space.

o prune: outpuf, 0 means the subtree should not be pruned.
R E ke Rk ko R R kok Aok ko ko o 3 ¥ E dokok s ek ok kR ROk Rk b Rk R kR ok
template<class T>

void KDSSkipNode<T>::checkPosition{const T* halfSp, const double* low,

{

cons{ double* up, int& in, int& prune) const

// Initialize the outputs
in = prune = {;
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for (int i=0; i<k; i++)

{

if (((halfSp[i] > 0) && (keys[2][i] < lowfi]p) |

{ ((halfSp[i] < 0) && (keys[1][i] > up[i])))
prune = 1; // The subtree should be pruned.
return;

;

else if (((halfSp[i] > 0) && (keys[1][i] > up[i])) ||

((halfSpfi] < 0} && (keys[21[i] < low[i])})

{
in=1; // The subtree resides in the halp-space.
return; '

ﬁ******************InuﬂenﬁﬂﬂaﬁonofBUDSSkﬁﬂjst***********************

JfR ko gk ok ek ok loloOR ok ot sk ok ko olok ook S bk ok okl bl R ook kb kool ol R ORR Rk R

// Description: Constructor of KDSSkipList<T>, .
ﬁ*****$***$******$**¥**$************************$**$$**$******$**$****
template<class T>

KDSS8kipList<T>::KDSSkipList(}

{

int i=0;

head = new KDSSkipNode<T>();
tail = new KDSSkipNode<T>();
bottom = new KDSSkipNode<T>();

head->keys[0][0] = maxkey;
for (i=0; i<k; i++)

{

head->keys[1][i] = maxkey;
head->keys[21[i] = minkey;
h
head->down = bottom;
head->right = tail;

bottom->right = bottom;
bottom->down = bottom;

fail->keys[0][0] = maxkey;
tail->right = tail;
il sequence = 0;

3

ﬁ$***********$**$**$************************&**************#*$$**$****
// Description: returns the height of this k-d search skip list.
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o head and bottom are not contributed to height,
Ff R ek ok ok ko sk ok oo dokok sk ok kol ok Sk ook doksk ok R Bk R ok ok R R ook ook ok ok

template<class T~
int KDSSkipList<T>::getHeight() const
{

register int  h;

KDSSkipNode<T>* x = head->down;
h=0;
while (x!=bottom)
{
X =x->down;
b+

»

}

return(h);

i ER ek e OB ko ook ok ek ek oo ook ook o o ok o B ko o o oo s ol ok o ol o o ok o s okl o el ok okl ek o

// Description: Insert the data val[k] and name into the

i k-d search skiplist. If the data is already in
i the list, it returns 0, otherwise it returns 1,
i which means that the data was inserted successfully,

JfER Rk Rk ek Rk ek ok kb sk ol Sk ko o bk okl R ok Rk ek R R e ok R R Rk Rk

template<class T>
int KDSSkipList<T>::insert(const T val[k], char* name)
{
KDSSkipNode<T>* tmpNode = head;
KDS8kipNede<T>* newNode = NULL;

register int inSub = 0; // 1 if val[0][0] goes in tmpNode's subtree.
register int addl = 0; /11 if a node was added at this level.
Tegister int success = 1;

/1 Set the bottom just for the comparisom consistency
bottom->setData(val);

bottom->sefName(name);

bottom->setMin(val);

bottom->setMax(val);

// Do at each level
while (tmpNode 1= bottom)

{

/ find where you drop
while (*val > tmpNode->keys[0][0])
tmpNode = tmpNode->right;

addl = 0;
if (tmpNode->keys[0][0] >
tmpNode->down->right->right->keys[01[0])
{ / if 3 elms at level below, or ...
/... at bottom level + must insert...
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i

}

==> raise middle elm
// Add a node. Include keeping track of minimum
/1 and maximum y as the node is added.
newNode = new KDSSkleode<1">
/f sequence ++;
newNode->right = tmpNede->right;
newNode->down = tmpNode—>down—>right~>right;
tmpNode->right = newNode;
inSub = (tmpNode->down->right->keys[0][0] > *val); _
newNode->setData(tmpNode->keys[0]);
newNode->sefName(tmpNode->name);
newNode->setMin(newNode->down->keys[1],
newNode->down->right->keys[1]);
newNode->setMax(newNode->down->keys]2],
newNode->down->right->keys[2]);
//mewNode->seq = sequence;

if (!inSub)

{
newNode->setMin(newNode->keys[1], val);
newNode->setMax(newNode->keys[2], val);

if (newNode->down == bottom)

H / leaf level
newNode->setMin(tmpNode->keys{1]);
newNode->setMax(tmpNode->keys[2]);
newNode->setName(tmpNode->name);

h
tmpNode->setData(tmpNode->down->right->keys[0]);
tmpNode->setName(tmpNode->down->right->name);
tnpNode->setMin(tmpNo de->down->right->keys[1],
11npNode—>down->keys[I]),
tmpNode—>setMax(tmpNode->down-br1ght->keys[2],
tmpNode->down->keys[2]);

if (inSub)
{
tmpNode->setMin(tmpNode->keys[ 1], val);
tmpNode->setMax(tmpNode->keys[2], val);
3
addl =1,
}

else if (tmpNode->down == bottom)
# if insert Key already in KDSkipList
suceess = 0;

if(tmpNode->down I= bottom && laddl)
{

tmpNode->setMin{tmpNode->keys[1], val);
tmpNode->setMax{tmpNode->keys[2], val);
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tmpNede = tmpNode->down;
} //while

if (head->right != tail)
{ /f raise height of KDSSkiplist if necessary
newNode = new KDSSkipNode<T>;
newNode->down = head;
newNode->right = tail;
newNode->keys[0]{0] = maxkey;
//sequence ++;
/MmewNode->seq = sequence;
newNode->setMin(newNode->down->keys[1],
newNode->down->right->keys[1]);
newNode->setMax(newNode->down->keys[2],
newNode->down->right->keys[2]);
head = newNode;

}

refurn(success);

e ERER ook ok ok ool ok dokok doleokoob ek ok A dokok bRk o ook dokok ok ok R B R R kR R

/ Methed: halfSpSearch{)
// Description: Perform half-space (positive side) search on k-d search
i tree constructed using a deterministic skip list. i.e.,
" report all points lying inside the positive side of a
i hyperspace.
/f Argument.
i maxFirst: maximum first dimensional value in the subtree
ff rooted startNode.
i halfSp: coefficients of halfplana 1x_1+..+2a kx k
i =mwherea_1!=0.
FFEEE Rk e Rk ko ok sk ek ok ol ok e dkok i sl keok ek R ok o okl ok ok o ke Bl e ok Al ook ok ok R
template<class T> :
void KD8SkipList<T>::halfSpSearch(const KDSSkipNode<T>& startNode,
const T halfSp[k+1],
const T& maxFirst,
long& numFound) const
¢

if ( (startNode keys[0][0] == maxkey) &&
(startNode.down == bottom) )
{

// Last node in the leaf level (the node previous tail)
refurn;
}
else if ( (startNode keys[0][0] == maxkey) &&
(startNode.down != bottom) && (&startNode != tail) )

¢

/f A previous node of tail, just go down
halfSpSearch(*startNode.down, halfSp,
startNode.keys[0][0], numFound);

208




3
else if ((&startNode = bottom} && (&startNode = tail))
{
// Get the bounds
double low[k], up[k]:
stariNode.getLimits(halfSp, low, up);

if (startNode.down == bottom)
{ // Leaf level, report points if in half space.
if (startNode.isDataInHalfSp(halfSp))
{
/printNedeData(startNode);
numFound++;

}

// Keep check the right points
if (startNode keys[0][0] < maxFirst)
{
' if ((hatfSp[0] > 0) ||
(starfNode keys[0][0] < up[0]))
halfSpSearch(*startNode.right,
halfSp, maxFirst, numFound);
} .
H
¢lse //startNode.down = bottom) i.e. not leaf level
{
#/ Check to report or prune down.
int in=0, prune=0;
startNode.checkPosition(halfSp, low, up, in, prune);

if (in) //Report the subtree
this->repSubList(startNode, numFound);
else if (!prune) // Check downword
halfSpSearch(*startNode.down, halfSp,
startNode keys[0][0], numFound);

// Check to branch the right
if ( (stertNode keys[0][0] < maxFirst) &&
( (haltSp[0] > 0) |
(startNode. keys{0][0] < up[0])
)
)
halfSpSearch(*startNode.right,
halfSp, maxFirst, numFound);

[k A o e e ok o ook ok s o ko e ok v s ook ok o ook s ofe e o ke ok o ol ool e sk o sk e ste e s ol ok o o ool ol o e sl e ok
/f Method: printNodeData()
// Description: Print the node (without the minimum and maximum).
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ﬂ$******$*********%***#*$$*******************&**$*********$$**$*******
template<class T>

veid KDSSkipList<T>::printNodeData(const KDSSkipNode<T>& node) const

{

cout << endl;
cout << "\t Data of the Node: (";
for (int i=0; i<k-1; i++)
cout << node.keys[0][i] <<", ™
cout << node.keys[0[k-1];

if (node.name) .
cout << ", "' << node.name;

cout << ");" << endl;

ﬁ*******************$****************3*************3***?**$$**$**$**$*

/1 Method: printNodeMin{)
// Description: Print the node's mirimum values.
F R ke ek o e R ok e sk ko ok sk ook ko o ook ok koot sl sk ok e e o oo ok ol sl ok ke R o e ok e kol ok ok
template<class T> .
votd KDSSkipList<T=>::printNodeMin(const KDSSkipNode<T>& node) const,
{ _

cout << "t Min of the Node: (*;

for (int i=0; i<k-1; i++)

cout << node.keys[1][i] << ", ";
cout << node.keys[1][k-1] <<");" << end];

JfEackiekok ok sokokoolok ool keOR kb dokok ook deokofodobsof ok ot ko sk bk ok ok dokkob ok ok kb sk ok ok ok o

# Method: printNodeMax()
// Description: Print the node's maximuim values.
J ok e R e ko ok ek sk ok ol kol kol ok ke sk ko o R R ook ok ok kol s otk ok ok R R Ao kol ok ok
template<class T>
void KDSSkipList<T>::printNodeMax(const KDSSkipNode<T>& node) const
{
: cout << "\t Max of the Node: (";
for (int i=0; i<k-1; i++)

cout << node.keys[2][i] << ", ";
cout << node.keys[2}[k-1] << ");" << endl;

S ERR Rk ke B o e vl hoke ok ook sl Rk fok b deokok ok gtk dok ok ok OB R R B R R dokok kokk

/ Method: newMaxMin()
// Description: reset the max and min for x_1, ..., x_k for inNode,

i The method is called in the deletion method.
”******************$*$***3*********$**************$**$$**$$********$**

template<class T>
void KDSSkipList<T>::newMaxMin(KDS$SkipNode<T>& inNode)
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KDSSkipNode<T>* tmp;
int repeat;
int i=0; /floop index

tmp = inNode.down;
if (tmp 1= bottom)

{
repeat = 1;
inNode.setMin(tmp->keys{1]%
inNode.setMax(tmp->keys[21);
while ((tmp->keys[0][0] <= inNode keys[0][0]) && repeat)
{
if (tmp->keys[0][0] = maxkey)
repeat = {;
// Update mins and maxs for inNode
for (1=0; i<k; i++)
{
if (tmp->keys[1][i] < inNode.keys[1][i]}
: inNode.keys{ 1][i] = tmp-=keys[1][i];
if {tmp->keys[2][i] > inNeode.keys[2][i])
inNode.keys[2][i] = tmp-=keys[2][i];
! 3
tmp = tmp->right;
!
!
§ .
;;***********éa***************s***w*wm*******' 4 ok sk e ok sk ook o
/{ Method: deleteNode()
// Description: delete a node matching the input key,
i If the deletion succeeds, it returns 1. Otherwise if there
/ is no such node in the list, it returns 0,
i Implemetation notes:
H If drop in last gap merge/borrow with/from previous gap
i Second pass (always): -- after vou reach bottom level
H -- from top of DSL

FrEFF Rk ok dek o ko ook dokok b ok ol kol R ok b hokok deskesk e e bl B ok ok ko R okok Rokok sl e ok

~ template<class T>
int KDSSkipList<T>::deleteNode(const T& v)
{

KDSSkipNode<T> *x, *px, *nx, *t, *pla[maxht];

/f px: previous X

4 m: next x

// pla: stack
int  success, botlast, npla; :
char* predname; // name of predecessor del_key at bottom level
T pred[k]; //data of predecessor del_key at bottom level
T lastAbove; // righmost key on search path at level above
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X = head->down; # X = current elm in search path
success = (x 1= bottom);
bottom->keys[0][0] = v;
lastAbove = head->keys[0][0]; // righmost keys on search path
_ // at level above
npla=0;
plafnpla] = head,;
while (x 1= bottom)
{ //do atevery level
while (v > x->keys[0][0])
{ //find where you drop
px=x;  // keeping track of the previous gap
X = x->right; '
}
nx = x->down; // mark where to drop at level below
if (x->keys[0][0] == nx->right->keys[0][0])
{

/1 If {onty 1 elm jn gap to drop} or
/f {at bottom level + must delete}
if (x->keys[0][0] != lastAbove)
{ #/ if DOESN'T drop in last gap
t = x->right; .
if ((t->keys[0][0] == t->down->right->keys[0][0]) .
‘ It
{nx == bottom) )
{
/ if only 1 elm in next gap or at
// bottom level
/ lower separator of current+next gap
x->right = t->right;
x->setData(t->keys[0]);
x->setMin{t->keys[1]);
x-rsetMax{t->keys[2]);
x->setName(t->name);
delete t;

else
{ /7 if >=2 elms in next gap
// raise 1st elm in next gap
1->setData(t->down->keys[0]);
/ lower separator of curtent+next gap
t->down = t->down->right;
newMaxMin(*t);
_ }
b
else // if DOES drop in last gap
if (px->keys[0][0] <= px->down->right->keys[0][0])
{ / if only 1 elm in previous gap
botlast = 0;
if (nx == bottom)
{ # if del_Key is in elm of height>]
botlast=1;
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// predecessor of del_key at bottom level
for(int j=0; j<k; j++)
pred[j] = px->keys{0][j1;
predname = pX->name;

// lower separator of previous+current gap

px->right = x->right;

px~->keys{0}{0] = x->keys[0][0];

if (tbotlast)

{
px->setData(x->keys[0]);
px-=setMin{x->keys[11);
px->setMax(x->keys[2]);

px->getName(x->name);

$

delete x;

X=DpX;

else
{ /if>=2 elms in previous gap
/£ =last elm in previous gap
KDSSkipNede<T>* tmp = px->down->right->tight;
t = {px->=keys[0][0] == tmp->keys[0}[0] 2
px->down->right : tmp);

// raise last elm in previous gap & lower
/ separator of previoustcurrent gap
px->setData(t->keys[0]);
x->down = t->right;

! newMaxMin(*px);

!

} #/ end of if

else if (nx == bottom) / if del Key not in KDSSL

success = {;

R b L

lastAbove = x->keys[0][0];
nplat++;
pla[npla] = x;
X =1x;
} // end of while

// Do a 2nd pass, for the case that del key was in elm of height>1
x = head->down;
while (x != bottom)

{

while (v > x->keys[0][0])
X = x->right;

if (v===x->keys[0][0])

{

x->setData(pred);
x->setName(predname);
¥
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X =x->down;

;

/# Check and reset mins and maxs for all nodes
for (int i=npla; i>=0; i--)
newMaxMin(*plali]); //on path to deleted key.

if (head->down->right == tail)
{ //lower header of DSL, if necessary

x = head;
head = x->down;
delete x;

H

return(success);

ﬁ*$*******&**$**$**$***$*$$******$**$********************$$**$**$#**$*
# Method: printList(}

// Description: Print the whole skiplist (head is printed, bottom and tail

i are not printed. .
ﬂ**********&*********$**$*********&*********$***********&**$**§**$***?

template<class T>
void KDSSkipList<T>::printList() const
{

KDSSkipNode<T> *xx, *x;

cout << " The List Contains the Following Points:\n" << endl;

XX = héad;
while (xx!= bottom)
§

X=Xx;

while (x->keys[0][0] != maxkey)

printNodeData(*x);

printNodeMin(*x);

printNodeMax(*x);

X = X->right;

L

cout << end];

cout << "MaxKey:" << x->keys[0][0] << end];
printNodeMin(*x);
printNodeMax(*x);

XX = xx->down;

FfE ok ok ek kol o ok ok d ook Ok R R ok ok kok ok kR ok ok R R kR R R kR AR R
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/ Method: repSubList()
// Description: Report all the leave nodes contained in the sublist starts

i’ with bNode,

/f Argument: _

i numReport: number of nodes reported, the function does not
i do initialization for it, it just add the number of nodes

" reported here to its previous value.

i

ﬂ***#************$****************$**$**$******$$**$**$$**$$********$*
template<class T>
void KDSSkipList<T>::repSubList(const KDSSkipNode<T>& bNode,

long& numReport) const
{
const KDS8kipNede<T>* temp = &bNode;
/1 Get to the leaf level |
while {temp->down != bottom)
temp = temp->down;
#/ Report all the leaf nodes in the sublist,
while ( (temp->keys[0][0] < maxkey) &&
(termp->keys[0][0] <= bNode.keys[0][0]) }
A
/fprintNedeData(*temp);
/printNodeMin{*temp);
ffprintNodeMax{*temp);
numReport++;
temp = temp->right;
}
h

73 E e ek s ok e kb sk kb sk ok ok o ok 0B ook s ook o sk skl ofe s e ol oo sk ook s ok oF ok ok ook o sk stk OB R R

/ Method: clear()

/f Description: Clear the whole list, All the memory allocated will be

/ released. It is used in the destructor.

#***$" bk ook kg ook e sk ol e ok e ook ook ok ek oo kol lokeokok deokk ek ok ok K

template<class T>
void KDSSkipList<T>::clear()

{
KDSSkipNode<T> *x, *tmp, *down;
X = head;
while (x !=bottom}
{

_ down = x->down; // hold down since xx will be deleted

// Clean the level where x lies
while (x->keys[0][0] != maxkey)

tmp = x;
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X = x->right;

delete tmp;
1
delete x; // delet the node with maxKey
// Starts the next level
x = down;
}
delete bottom;
delete tail;
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H6 The File “kdtest.cc”

ﬂ$******$$**$******$**&*********&********#&**********#*********&**$**$

//Module:  kdtestcc

// Description: Implementation of k-d search skip list

// Written by: Yunlan Pan

/Date:  April 17, 1997

/f Log: Jume 29, 1997, Added half-space range search.
ff

R R ko ok RO ok ok kb ook ot ko o okeok sk sk s ok OB ok ok o ok e ok 0o ok e o oo o s ok o OB OB Sk o ok o ol o ok

#inclade <iostream.h>

#include <stdio.h>

#include <stdlib.h>

#include <imath.h>

#include <limits.h>

#include <sys/time.h>  // library routines

#ifdef HALFSPACE
#include "hskdlist.h"
#else

#include "kdskiplist.h"
#endif

#define SAMPLESIZE 100001
#define QWAREARATIO 0.8
#define MILLISEC_PER SEC 1000

void getQueryWin(long*, long*, long*, long*, long keys[SAMPLESIZE][k], float*);

main()
{
long startT, endT;
long i, keysA[SAMPLESIZE][k];
int is :
long*  dataiter = NULL; / pointer iterator of the array keysA
/fchar* names[SAMPLESIZE];

const long maxTest = 536870912L; //2*29

/f Randornly get the sample data,
for (i=0L; i<SAMPLESIZE; it+)
{
for (=0; j<k; j++)
keysA[i][j] = lrand48() - maxTest/2 +(.5;

1

# Create an empty skiplist
KDSSkipList<long> kdlist;
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i

f*

cout << "\n " << endl;
cout << "k =" << k << endl;

f==2 PART 1 INSERT

long unsucNum = OL; // Number of points failed to insert

startT = clock();
startT = clock(/MILLISEC PER SEC;

// We use pointer to accelerate the access of data to the array
datalter = keysA[0];

for (i=0L; i<SAMPLESIZE; i++)

{
// Only ingert if X not already there.
if (0 == kdlist.insert(datalter))
{
unsucNum++;
ffcout << "key: " << keysA[i][0] << " is already in";
Heout << " the kdskiplist,” << end];
} .
datalter +=k;
3

cout << "in Total " << unsucNum;
cout << " nodes are already in the list" << endl;

endT = clock(};
endT = clock(YMILLISEC PER_SEC;

kdlist.printUist();
cout << "Insert times in milliseconds (total " ;

cout << SAMPLESIZE << " nodes):" << end]l;
cout << "™t Total time used for insertion is " << endT-startT << end];

I PART 2 rectangular range Search

long qwMinR[k], gwMaxR[k];
long wMinR[k], wMaxR[k];
float  gqwRatio[k];

fong numFound = 0L;

. / Initialize the query window
for (7=0; j<k; j++)
{

if (QWAREARATIO == 0)
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qwRatio[j] = 0;
else

qwRatio[j] = (float) pow(QWAREARATIO, 1.0/k);
: ' _
getQueryWin(qwMinR, qwMaxR, wMmR, wMaxR, keysA, qgwRatio);

cout << M —mmemmeeeae Range Search ‘" << endi;
cout << ™n The following nodes are in the given range:\n" << endl;

startT = clock();
startT = clock(}MILLISEC PER SEC:

numFound = 01; _
kdlist.rangeSearch(*kdlist.getHead(),
- qwMinR, gwMaxR, maxkey, numFound);

: endT = clock();
endT = clock(YMILLISEC PER_SEC;
cout << "Range search times in milliseconds (total " ;
cout << numFound << " nodes are found):" << endl;
cout << "\t Total time used for this search is " << endT-startT << end];

/ PART 3 Range Search Up

cout << "n —emmeemeee rangeSearchUp ‘" << endl;
/f Calculate the query window area ratio

float area = {(float)(wMaxR{0]-qwMinR[0 D)/ (wMaxR[0]-wMirR[0]);
for (=1 j<k; j++) '

area *= ((float}{wMaxR[j]-qwMinR[jIn/(wMaxR[j]-wMinR[j]);
} .
cout << "\n The semi-infinite window area ratio is " << area << endl;
cout << " The following nodes are in the given range:\n" << endl;

startT = clock();
startT = clock()/MILLISEC PER SEC;

nmumFound = OL;
kdlist.rangeSearchUp(*kdlist.getHead(), qwMinR,
qwhMaxR[(], maxkey, numFound);

endT = clock();
endT = clock()/MILLISEC PER SEC;

cout << "Semi-infinite range search {up) times in milliseconds (total * ;
CoUt << "\pemnmemem e DELETE ------m-eememeeeee \n'n" << endl;

cout << "DELETING the whole list \n" << endl;

startT = clock();

startT = clock()/MILLISEC PER_SEC;

long numFailDel = OL; #/ The times of deletion failure.
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/# Tt should be equal to the times of
// insertion failure (caused by the
/f duplicate keys

J/ We use pointer to accelerate the access of data to the array
datalter = &keysA[0][0];

for (i=0L; i<SAMPLESIZE; i++)

{

if (kdlist.deleteNode(*datalter) == ()

{
/feout << keysA[i][0] << " is not in the list!™ << end];
numFailDel++;

t

// Next key

datalter += k;

i
-endT = clock();

endT = clock(YMILLISEC PER_SEC;

cout << "milliseconds (total " ;

cout << numFaiiDel << " nodes are not found):" << endl;
cout << "\t Total times (in milliseconds) used for the ";
cout << "Destruction is " << endT-startT << end];

*/
#ifdef HALFSPACE
ff==—= PART 5 HALF-SPACE SEARCH
cout << "\p---—------ HALF-SPACE SEARCH -------—--\n\n" << endl;
// Get the hyperplane
long hyplane[k+1];
struct timeval first;
struct timezone second;

gettimeofday(&first, &second);
srand48(first.tv_sec);
for (i=0; i<=k; i++)
hyplane[i] = (long)((Irand48() - maxTest/2 + 0.5)/1006000000);
/1 Make sure hyplane{0] =0
while (hyplane[0] == 0)
hyplane[0] = (long)}((lrand48() - maxTest/2 -+ 0,5)/100000000);

/f Get the hyperplane
long hyplane[k+1]:

for (i=0; i<=k; it++)
{
hyplane[i] = Irand48() - maxTest/2 + 0.5; x

b
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#endif

}

it

// Make sure hyplane[0] =0
while {(hyplane[0] == 0)
hyplane[0] = Irand48() - maxTest/2 + 0.5;

// Print the hyperplane
cout << "The hyperplane is: \n" << endl;
for (i=0; i<=k; i++)
cout << "\" << hyplane[i] << " " << endl;
cout << endl << endl;

startT = clock();
startT = clock(YMILLISEC PER_SEC;

long numlInHsp = OL; // The number of node in the half-space.
kdlist.halfSpSearch(*kdlist. getHead(), hyplane, maxkey, numInHsp);

endT = clock();
endT = clock(YMILLISEC PER _SEC;

cout << "There are (total " ;

cout << numInHsp << " nodes are in the half-space):" << endl;
cout << "\t Total times (in milliseconds) used for the " << endl;
cout << "Half-Space range search is " << endT-startT << endl;

/Function: getQueryWin
//Description:  Randomly get a query window which covers a given ratio

H#

of the area of all the points reside.

/TArgument; [qwMinR : gwMaxR] is the query window;

i
/ﬂ’

[WMinR : wMaxR] is the whole data window;

void getQueryWin(long qwMinR[k], long qgwMaxR[k],

long wMinR[k], long wMaxR[k],
long keys[SAMPLESIZE][k], float qwRatio[k])

// qwRatio[i]: the ratio of the i-th side of the query window and

¥
{

its corresponding side of the whole window.

unsigned i=0, j=0; /! loop index
long tempMin, tempMax, temp;

/ Get the whole window
for (i=0; i<k; i++)

{ .
tempMin = tempMax = keys[0][i];

for (7=1; j<SAMPLESIZE; j++)
{
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temp = keys[j][i};
if (tempMin > temp)
tempMin = temp,
if (tempMax < temp)
tempMax = temp;
}

wMinR[i] = tempMin;
wMaxR[i] = tempMax;
}

// Get the portions randomly

long wSideLen; // length of side of the whole window
long qwSideLen; // length of side of the query window
for (i=0; i<k; i+H)

{
// Get the length of each side in integer
wSideLen = wMaxR[i]-wMinR[i];
gwSideLen = wSideLen * qwRatio[i];
if (wSideLen I= qwSideLen)
{
gwMinR[i] = (lrand48() % (wSideLen- qw81deLen)) +wMinR[i];
gwMaxR[i] = qwMinR[i] + qwSideLen;
}
else
{ |
qwMinR[i] = wMinR[i}];
gwMaxR[i] = wMaxR][i];
b
;
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