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Two important results from calculus

[1 Taylor's Theorem

Theorem 1 Let f and its first n 4+ 1 derivatives be con-
tinuous in the closed interval » < « < s. Then for any
xand any ainr < x < s, we have

f(x) = f(a) + f'(a)(z — a) + L9(z — a)?

too+ L0 (@ — a)" + Ry ()

f(n—l-l)(c) -
(n +1),( —a)

and c lies between a and =x.

where R, 1(x) =

The formula is often written as

nfk) (g
F@) =5 T @ oyt 4 Ry (o) )

!
— k!

or,if h=a — a,

h* + R,.1(h) (2)

£ (k)
fla+m) =) k( 2
k=0
Important!! You MUST know the values of
f(a), f'(a),....
analytically, NOT just by

evaluating these functions at  a on your calculator!!
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Examples of Taylor Series

f(x) =cos(x) 0<ax<2m

f'(x) = —sin(z), f"(x) = — cos(x),
fO(z) = sin(z), fW(z) = cos(z)
[0 Expand cos(x) about = = 0 (so this can be used for « near 0.)
f(0) =1, f(0) =0, f7(0) = —1, f(3)(0) =0, f(4)(0) =1

cos(z) =1 — g—? + Z—? - (:os(c)""(;;—jj
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Figure 1: cos(x) =1 — & 4+ Z
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Taylor Series Contd

0 Expand cos(z) about = = Z (so this can be used for =z near Z.)
F(3) =0, () =-1, f'(5) =0, FOF) =1, F9F) =0

COS(w) = —(w — %) + %(w _ %)3 sm(c)( . %)5
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Figure 2: cos(xz) ~ —(x — 3) + %(a) —m)3

[ Adifferentview - let h = x — 7 (so this can be used for h near 0.)
f3) =0, f'3)=-1, f'(3) =0, fOF) =1, fH(3F) =0

cos(Z + h) = —h + Lh® — 2UIp5
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Taylor Series Application

Compute an approximationto 1/4.04 (= 2.00997512422418).

Since we know +/4, we use the (2) form of the Taylor series with

r =4.04,a = 4,and h = x — a = 0.04. Thus,
f(a) = a2, f'(a) = la~z, and f"(a) =
F4) =42 =2, f(4) = %4—% =
fla+h) =~ f(a)+ f(a)h

= 2+ 2(0.04) = 2.01

l\)ll—l

rel err =

fla+h) = f(a)+ f'(a)h + L2n?
= 2.01 — 3 - 5-(0.04)?
= 2.01 — 0.000025 = 2.009975

rel err < 6.1804 x 108

Note that the first neglected term in deriving the
linear approximation is

1
- —(0 04)? = 0.25 x 10~
2 32

ZOLVA0H] < 0.125 x 1074

which approximates the absolute error for the the linear approxima-

tion.
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Mean Value Theorem

Theorem 2 Let f becontinuousintheclosedintervala < x < b
and differentiable in the open interval a < < b. Then
thereis apoint cin a < < b at which

f(b) — f(a)
b—a

f'(c) =
[1 Can be rewritten as

f0) = f@ + F(e)b—a) a<c<b
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Mean Value Theorem - Example
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Figure 3: Mean Value Theorem

Consider the polynomial
p(r)=1—xz+32> 05<x<2.5
Then p(x) goes through the points (0.5, 0.875) and (2.5, 45.375).
The line through these two points is given by
l1(x) = —10.25 4 22.25x, slope = 22.25
Now
p'(c) = =1+ 9¢® = 22.25 =—> ¢ = 1.6073 and p(c) = 11.8491
The tangent lineto p(x) at * = 1.6073 is given by
lo(x) = —23.9128 4 22.25x, slope = 22.25
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