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Abstract—Reversible logic is an emerging research area. Inter-
est in reversible logic is sparked by its applications in quantum
computing, low-power CMOS, nanotechnology, and optical com-
puting. Little work has been done on reversible logic synthesis.
The basic implementation structure for a reversible network is a
cascade of reversible gates. Several gates have been proposed in
the literature. In this paper we restrict the analysis to Toffoli gates
were inputs may be inverted. A fundamental question is whether
the complexity of the new reversible structures is comparable
to traditional PLA like implementations. We compare a cascade
of Toffoli gates, for which a synthesis method exists, with an
EXOR PLA implementation. We show that in the worst case,
the reversible synthesis model produces a result which is only
a constant times higher than the one for a conventional EXOR
PLA. We also show that there are functions whose complexity is
linear in terms of variables for Toffoli cascades, but exponential
for EXOR PLAs.

First we give a detailed description of Tofolli cascades. Next
we show that any EXOR PLA can always be converted to a
Toffoli cascade with a constant increase in the complexity. It is
worth noting, that this conversion may not be minimal. Finally
we propose a class of Boolean functions that can be implemented
with n

2
+ 1 Toffoli gates, and show that the minimal ESOP

contains an exponential number of terms.

I. DEFINITIONS

A variety of reversible gates have been proposed [2], [3],
[10]. Here we use a generalized Toffoli gate defined as follows:

Definition 1: For the set of domain variables
fx1; x2; :::; xng generalized Toffoli gate is a gate of a
form TOF (C;T ), where C = fx�1i1 ; x

�2
i2
; :::; x�kik g, where

x
�j
ij

= xij if �j = 1 or x�jij = �xij if �j = 0, T = fxjg and
C \ T = ; which maps a Boolean pattern(x1; x2; :::; xn) to
(x1; x2; :::; xj�1; xj � x�1i1 x

�2
i2
:::x�kik ; xj+1; :::; xn).

Such gates were considered in [5]. The cascades of these
gates are capable of realizing any multiple output Boolean
function [5]. We call this model reversible cascades with
minimal garbage (RCMG). This reflects the reason of their
introduction. The complexity of a network in this model is
the number of gates in it.

We will treat EXOR PLA as a standard model for network
realizing EXOR sum-of-products (ESOP). For more informa-
tion on ESOPs see [8]. The complexity of an ESOP is the
number of products it contains. This model was chosen for
the comparison, since it is very similar to the one defined
above.

II. COMPARISON OF THE MODEL TOEXOR PLA

To exploit similarity between the two chosen models note
that each of the terms in ESOP can be treated as a separate gate
when all of them are arranged in a form of cascade, a string:
EXOR of terms builds the ESOP polynomial. The following
summarizes the similarities and differences of models.

� Both models use the same operations: AND, EXOR, and
negation.

� The gates are similar. Each gate acts as EXOR of the
term built from the input variables. The difference is that
in ESOP the set of input variables is not changing while
passing through the gates, where for RCMG this is not
true.

� The number of distinct gates is comparable:n�3n�1 for
RCMG and3n for the ESOP.

� The gates are in a linear order: terms being “exored” form
a string, and generalized Toffoli gates form a cascade. The
difference is in the question whether the order matters.
The order of terms in a polynomial does not matter, where
the order of reversible gates of RCMG model does.

Lemma 1:By adding a constant input it is possible to use
the results of an ESOP minimization to build a reversible
network.

Proof: Take ann-input Boolean function and create
a zero constants for input linexn+1. This may result in
non-optimality of the garbage (at most one higher than
the optimal). Transform each termx�1i1 x

�2
i2
:::x�kik to the gate

TOF (x�1i1 ; x
�2
i2
; :::; x�kik ;xn+1). Such a transformation of each

of the terms in ESOP results in the set of gates of RCMG,
which arranged in a cascade form a reversible network for the
function.

The more interesting question is if the RCMG model is
sufficiently beneficial in comparison to ESOP. The answer for
this question is “yes” and the following set of the Boolean
functions belongs to the class of polynomial complexity for
the RCMG and exponential for the ESOP.

Definition 2: For every even integern a Boolean func-
tion exphardn(x1; x2; :::; xn) is defined as(x1 � x2)(x3 �
x4):::(xn�1� xn).

Lemma 2:Function exphardn can be realized with cost
1 + n

2
in terms of the RCMG model.



Proof: The cascade of gatesTOF (x1;x2) TOF (x3;x4)

: : : TOF (xn�1;xn) TOF (x2; x4; :::; xn�1;xn) defines the
structure of the network (Figure 1A).
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Fig. 1. Reversible design structure.

Note, that in the actual implementation the firstn=2 gates
TOF (x1;x2), TOF (x3;x4), ..., TOF (xn�1;xn) form a sin-
gle layer. The remaining gate, TOF(x2; x4; :::; xn) forms the
second layer. Thus, the total length, or the spatial complexity
of the network becomes a constant, namely 2 (Figure 1B).

To show that no better ESOP, other than an ESOP with
exponential length can represent functionexphardn we need
the following Lemmas:

Lemma 3:Every term in an optimal ESOP for
g(x1; x2; :::; xn; y) = yf(x1; x2; :::; xn), where
y 62 fx1; x2; :::; xng contains variabley and contains it
without negation.

Proof: Let M be an optimal ESOP for the function
g(x1; x2; :::; xn; y). Write it as

M = yM 0

1 �M 0

2 � �yM 0

3 = y(M 0

1 �M 0

3)� (M 0

2 �M 0

3); (1)

whereM 0

1;M
0

2 andM 0

3 do not containy. The total cost of this
ESOP is sum of numbers of terms inM 0

1;M
0

2 andM 0

3, which
is jM 0

1j+ jM 0

2j+ jM 0

3j. Let N be an ESOP forf . ThenyN
forms an ESOP foryf . Add yN andM :

0 = yf � yf = yN �M = y(M 0

1 �M 0

3 �N ) � (M 0

2 �M 0

3):

If we write it by components, we have:

M 0

1 �M 0

3 � N = 0;M 0

2 �M 0

3 = 0: (2)

Use the last equality to continue (1):

yf = M = y(M 0

1 �M 0

3) � (M 0

2 �M 0

3)

= y(M 0

1 �M 0

3) � 0

= y(M 0

1 �M 0

3)

= yM 0

1 � yM 0

3:

This ESOP hasjM 0

1j+ jM 0

3j terms. SinceM was minimal, the
number of terms ofM 0

2 was zero. Therefore, the number of

terms ofM 0

3 is also zero, which can be seen from the second
equation in (2). In other words,M = yM 0

1.
Lemma 4:Any optimal ESOP forg(x1; x2; :::; xn; y) =

yf(x1; x2; :::; xn), wherey 62 fx1; x2; :::; xng has the same
complexity as an optimal ESOP forf(x1; x2; :::; xn).

Proof: Use Lemma 3 to say that we can factor
variable y out of an optimal ESOPM for the function
g(x1; x2; :::; xn; y): M = yM 0, where M 0 is an ESOP
that doesn’t containy in any form. Let y = 1. Then,
M 0 = (yM 0)jy=1 = M jy=1 = (yf(x1; x2; :::; xn))jy=1 =

f(x1; x2; :::; xn). In other words,M 0 has the complexity of a
minimal ESOP forf(x1; x2; :::; xn), so does the ESOPM .

Lemma 5:Minimal ESOP for the function
g(x1; x2; :::; xn; y; z) = yf(x1 ; x2; :::; xn) �
zf(x1; x2; :::; xn), where y; z are variables and
y; z 62 fx1; x2; :::; xng consists of at least3jfj

2
terms,

wherejf j is the number of terms in minimal ESOP forf .
Proof: Take a minimal ESOPM of the function

g(x1; x2; :::; xn; y; z) and write it asM = yM1 �M2� �yM3,
whereM1, M2 andM3 are ESOPs that do not contain variable
y in either term. Such a decomposition is unique. Notice, that
the sets of terms in each ofM1, M2 andM3 do not intersect:

� M1 \M2 = ;;
� M1 \M3 = ;;
� M2 \M3 = ;.

Otherwise, supposeM1 \M2 6= ;. Then, there exists a term
t : t 2 M1; t 2 M2. Sinceyt � t = �yt, by deleting these
two terms from ESOPsM1 andM2 and adding it toM3 we
get an ESOP that has complexity one less than the optimal
ESOPM . This contradicts to the optimality ofM . Therefore,
M1 \M2 = ;. The other two set intersections can be proven
similarly.

Let y = 0 in the ESOPM = yM1 � M2 � �yM3 for the
function yf � zf . This results in:

(yf � zf)jy=0 = (yM1 �M2 � �yM3)jy=0

or,

zf = M2 �M3: (3)

By analogy, assignmenty = 1 leads to

�zf = M1 �M2: (4)

Add (3) and (4) to get

f = M1 �M3: (5)

Use Lemma 4 to say that each of the ESOPs in (3) and (4)
has at leastjf j terms. So does the ESOP from (5).

As we proved before, the sets of terms inM1, M2 andM3

do not intersect, so, based on Lemma 4, (3), (4), and (5) the
following system can be written:

8<
:

jM2 �M3j = jM2j+ jM3j � jf j
jM1 �M2j = jM1j+ jM2j � jf j
jM1 �M3j = jM1j+ jM3j � jf j

:



Since

jM j = jyM1 �M2 � �yM3j = jM1j+ jM2j+ jM3j;

the problem of finding the number of terms in a minimal ESOP
for (yf � zf) is bound by the solution of linear optimization
problem:

min8<
:

jM2j+ jM3j � jf j
jM1j+ jM2j � jf j
jM1j+ jM3j � jf j

(jM1j+ jM2j+ jM3j) =?

which is given by expression
3jf j
2 .

The proof of the following statement allows to prove the
exact bound on the number of terms in a minimal ESOP for
exphardn.

Conjecture 1:The minimal ESOP for the function
g(x1; x2; :::; xn; y; z) = yf(x1; x2; :::; xn) �
zf(x1; x2; :::; xn), where y; z are variables and
y; z 62 fx1; x2; :::; xng consists of2jf j terms.

Theorem 1:A minimal ESOP for the functionexphardn
has at least

q
3

2

n

terms.
Proof: Can be easily proven by induction using Lemma

5.
A better lower bound can be achieved for the best ESOP

complexity ofexphardn function by saying that at every time
we apply Lemma 5, the actual ESOP lower bound is actually

d
3jf j
2 e (as a natural number, greater than

3jf j
2 ), which brings

a larger bound into the next step. The final formula for this
observation will look like:

jM j � ddd
3

2
e �

3

2
e � ::: �

3

2
e (6)

Table I summarizes the results for the functionexphardn.
First column,n, shows the number of inputs. Second column
is the number of gates for needed for the model RCMG
to realize the function. Third column shows the complexity
for the non-reversible application of the RCMG model [5].
We used Exorcism-4 [9], [7] program to calculate the near
minimal ESOP for theexphardn function. The results of this
program are summarized in the4th column. Note, that this
column supports the conjecture. The fifth column shows the
theoretically proven lower bound on the minimal ESOP, given
by formula (6).

III. M ULTIPLE OUTPUT FUNCTIONS

One of the reasons why EXOR PLAs are used is ability
to share terms. The described modification of RCMG model
does not have such a property. But, if we unite the RCMG
with mEXOR model [4], this allows the use multiple output
EXOR gates, which is equivalent to the term sharing in the
ESOP model. Such a hybrid gate will be a new generalization
of the Toffoli gate. It can be shown that quantum realization
of such hybrid gate has a complexity which differs from the
complexity of the original Toffoli gate only marginally. Finally,
for such a model either of the synthesis approaches suggested
in [5], [1], [6] and [4] is applicable. The theoretical results of
this paper will hold for the new hybrid model.

n RCMG NRA RCMG Exorcism-4 ESOP min
2 2 2 2 2
4 3 2 4 3
6 4 2 8 5
8 5 2 16 8
10 6 2 32 12
12 7 2 64 18
14 8 2 128 27
16 9 2 256 41
18 10 2 512 62
20 11 2 1024 93
22 12 2 2048 140
24 13 2 4096 210

TABLE I

COMPLEXITY OF THE FUNCTIONexphardn .

IV. CONCLUSION

We have shown that reversible logic synthesis may be
beneficial in comparison with traditional ESOP design. The
advantage is not only from the point of zero energy dissipation,
which is commonly known and accepted, but also from the
point of view of the circuit complexity. We examined the
RCMG reversible design model which is very similar to the
EXOR PLA and conclude that it is more cost effective. This
means that in the worst case the RCMG model cost of a
reversible realization of a function has the same cost as the
best EXOR PLA result cost when the garbage of the RCMG
model might not be optimal. But there are functions for which
RCMG model produces better results in practice (comparison
of synthesis results for the function rd53.pla in [1]) as well as
theoretically: there is a class of functions which have a poly-
nomial complexity for the RCMG model and exponential for
EXOR PLA. We do not consider any engineering technology,
so the results in an actual implementations may differ.
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