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Abstract—Reversible logic is an emerging research area. Inter- II. COMPARISON OF THE MODEL TOEXOR PLA

est in reversible logic is sparked by its applications in quantum o
computing, low-power CMOS, nanotechnology, and optical com- To exploit similarity between the two chosen models note

puting. Little work has been done on reversible logic synthesis. that each of the terms in ESOP can be treated as a separate gate
The basic implementation structure for a reversible network is a when all of them are arranged in a form of cascade, a string:
cascade of reversible gates. Several gates have been proposed ifxOR of terms builds the ESOP polynomial. The following

the literature. In this paper we restrict the analysis to Toffoli gates . Coe .
were inputs may be inverted. A fundamental question is whether summarizes the similarities and differences of models.

the complexity of the new reversible structures is comparable « Both models use the same operations: AND, EXOR, and
to traditional PLA like implementations. We compare a cascade negation.
of Toffoli gates, for which a synthesis method exists, with an « The gates are similar. Each gate acts as EXOR of the

EXOR PLA implementation. We show that in the worst case, . . . - .
the reversible synthesis model produces a result which is only term built from the input variables. The difference is that

a constant times higher than the one for a conventional EXOR in ESOP the set of input variables is not changing while
PLA. We also show that there are functions whose complexity is passing through the gates, where for RCMG this is not
linear in terms of variables for Toffoli cascades, but exponential true.

for EXOR PLAs. « The number of distinct gates is comparable:3”~! for

First we give a detailed description of Tofolli cascades. Next
we show that any EXOR PLA can always be converted to a RCMG and3” _for the ESOP. o .,
Toffoli cascade with a constant increase in the complexity. Itis ¢ The gates are in a linear order: terms being “exored” form

worth noting, that this conversion may not be minimal. Finally a string, and generalized Toffoli gates form a cascade. The
we propose a class of Boolean functions that can be implemented  difference is in the question whether the order matters.
‘(’:"(')tr?ta% S*‘a; G;';?;fgr']'egﬁ‘;lei'u%%dersg‘fot‘grg‘:t the minimal ESOP The order of terms in a polynomial does not matter, where
’ the order of reversible gates of RCMG model does.
|. DEFINITIONS Lemma 1:By adding a constant input it is possible to use

A variety of reversible gates have been proposed [2], [3he results of an ESOP minimization to build a reversible
[10]. Here we use a generalized Toffoli gate defined as followsetwork.

Definition 1: For the set of domain variables Proof: Take ann-input Boolean function and create
{x1,zs,...,2,} generalized Toffoli gate is a gate of a a zero constants for input line,;;. This may result in
form TOF(C;T), where C' = {z' 27?,...,xj}, where non-optimality of the garbage (at most one higher than
l‘fj =a;, if oj=1o0r l‘fj =z, if 0; =0, T = {z;} and the optimal). Transform each ternf'z>...z7* to the gate
C'NT = § which maps a Boolean patte(®;, xs, ..., z,) to  TOF (2]}, x7?, ..., 7" 2, 11). Such a transformation of each

(21,0, 21, 25 B 2] T BT L, e ). of the terms in ESOP results in the set of gates of RCMG,
Such gates were considered in [5]. The cascades of thed#ich arranged in a cascade form a reversible network for the
gates are capable of realizing any multiple output Booledunction. |
function [5]. We call this model reversible cascades with The more interesting question is if the RCMG model is
minimal garbage (RCMG). This reflects the reason of thejufficiently beneficial in comparison to ESOP. The answer for
introduction. The complexity of a network in this model ighis question is “yes” and the following set of the Boolean
the number of gates in it. functions belongs to the class of polynomial complexity for
We will treat EXOR PLA as a standard model for networkhe RCMG and exponential for the ESOP.
realizing EXOR sum-of-products (ESOP). For more informa- Definition 2: For every even integer. a Boolean func-
tion on ESOPs see [8]. The complexity of an ESOP is th®n exphard,(z1, zs, ..., z,) is defined as(z; & z2)(x3 B
number of products it contains. This model was chosen fog)...(z,—1 & z,).
the comparison, since it is very similar to the one defined Lemma 2:Function ezphard, can be realized with cost

above. 1+ % in terms of the RCMG model.



Proof: The cascade of gatd30 F'(x1; x2) TOF (z3;24) terms of My is also zero, which can be seen from the second

coo TOF(xp—1;2n) TOF (22,24, ...,2n-1;2,) defines the equation in (2). In other wordsy/ = yMj. [ ]
structure of the network (Figure 1A). | Lemma 4:Any optimal ESOP forg(zy,za,...,2n,y) =
yf(x1,2a,...,2,), Wherey ¢ {z1,z2,...,z,} has the same
length = 1+n/2 length = 2 complexity as an optimal ESOP fgi(x1, za, ..., #,).
— — Proof: Use Lemma 3 to say that we can factor

X - x =+ H—+ variable y out of an optimal ESOPM for the function

X | X, ol gl e, .. en,y). M = yM’, where M’ is an ESOP

A — — that doesn’t containy in any form. Lety = 1. Then,

- B ST M = (yM')ly=1 = Mly=1 = (yf(z1,22, .., 2n))ly=1 =
X, - - X, flz1,22,...,2,). In other words M’ has the complexity of a

minimal ESOP forf(x1, s, ..., #,), S0 does the ESOR/. ®
Lemma 5:Minimal ESOP for the function

Xn-1 I~ Xt 01T g(@1, 2,00 X, Y, 2) = yf(e1, e, .., xn) @
X, —— L Xo St zf(z1,29,...,2,), Where y,z are variables and
0 PNE 0 PuE v,z & {xy,x2,...,2,} consists of at Ieast% terms,

— — where|f| is the number of terms in minimal ESOP f¢r
’ Proof: Take a minimal ESOPM of the function
. ' ' g(®1, @2, ..., 2n,y,2) and write it asM = yM; & M2 ® yMs,
Fig. 1. Reversible design structure. whereM;, M, and M5 are ESOPs that do not contain variable
_ _ _ _ y in either term. Such a decomposition is unique. Notice, that
Note, that in the actual implementation the first2 gates the sets of terms in each @f;, M, and M5 do not intersect:
TOF (x1;24), TOF (23;24), ... TOF (2,-1; 2y,) form a sin- ey
2. « MiNMs,= @,
gle layer. The remaining gate, TOR( z4, ..., z,) forms the « MO Ms = (:
second layer. Thus, the total length, or the spatial complexity ! 3 2
. o Msn Ms=0.
of the network becomes a constant, namely 2 (Figure 1B). ) .
To show that no better ESOP, other than an ESOP witiherwise, supposef, N M, # (. Then, there exists a term

exponential length can represent functiaphard, we need ¢ : ¢ € Mi,t € M. Sinceyt & ¢ = yt, by deleting these
the following Lemmas: two terms from ESOP$/; and M, and adding it toM; we

rget an ESOP that has complexity one less than the optimal
ESOPM. This contradicts to the optimality g¥/. Therefore,
y & l{e1,s,...,2,} contains variabley and contains it M, 0 M, = (. The other two set intersections can be proven

without negation. similarly.

Proof: Let M be an optimal ESOP for the function L€ty = 0 in the ESOPM = yM, & M, & yMs for the
9(z1, 23, ..., 2, ). Write it as functiony f @ zf. This results in:

Lemma 3:Every term in an optimal ESOP fo
g(@1, 2, oy Tn, Y) = yf(x1,2a,...,2,), Where

M = yM! & M} & gM4 = y(M! & Mb) & (M & M), (1) (Wf & z2f)ly=0 = (yM1 & M2 & yMs)]y=0

whereM{, M} and M} do not containy. The total cost of this O
ESOP is sum of numbers of terms i, A} and M}, which

is |M]| + | M4 + |M}|. Let N be an ESOP foif. ThenyN of =My ® Ms. ®)
forms an ESOP foyf. Add yN and M: By analogy, assignment = 1 leads to
O=yfoyf=yNeM=yM &MyaN)& (M;& My). f = My ® M. (4)
If we write it by components, we have: Add (3) and (4) to get

M| @& Mj® N =0, Myd M, =0. (2) f =M & Ms. ®)

Use the last equality to continue (1): Use Lemma 4 to say that each of the ESOPs in (3) and (4)

yf =M = y(M| & M) & (M6 M) has at leastf| terms. So does the ESOP from (5).
— (MG M) @0 As we proved before, the sets of termsiify, M> and M3
, j do not intersect, so, based on Lemma 4, (3), (4), and (5) the
= y(Mll o M?;) following system can be written:
= M M.
PR My M| = |Ma| + M| > |]
This ESOP ha$M; |+ | M| terms. Sinceél was minimal, the My @ Ms| = |Mi|+ | M| > |f] .

number of terms of\/;, was zero. Therefore, the number of My @ Ms| = |Mi|+|Ms| > |f]



Since r21 RCQ/IG NRA I;CMG Exor(;ism—4 ESOZF’ min
|M| _ | M - _ 4 3 2 4 3
= lyMy & My & yMs| = |My| + |Ms| + [Ms], 5 7 > 3 =
the problem of finding the number of terms in a minimal ESOP | 8 5 2 16 8
for (yf @ zf) is bound by the solution of linear optimization ig ? g gi E
problem: 14 8 2 128 27
) u Ma| + [ Ma]) =7 16 9 2 256 41
M a4 M| > () (M 1M 3]) =" 18 | 10 2 512 62
| M|+ | M| > | f] g(z) E 3 %84213 19430
| M| + | Ms] > | f] 24| 13 2 4006 210
which is given by expressioM. [ | TABLE |
The proof of the following statement allows to prove the COMPLEXITY OF THE FUNCTIONezphardy, .
exact bound on the number of terms in a minimal ESOP for
exphard,.
Conjecture 1: The minimal ESOP for the function
g(ml’xz’,,,’xmy’ z) = yf(xl’xz’,,,’xn) &) IV. CONCLUSION
2f(21,22,..;2,),  where y,> are variables and \ye pave shown that reversible logic synthesis may be
Y,z & {21, %2, .., ¥} CONSISS of2|f| terms. beneficial in comparison with traditional ESOP design. The
Theorem 1:A minimal ESOP for the functiorzphard, advantage is not only from the point of zero energy dissipation,
has at Ieas\ég terms. which is commonly known and accepted, but also from the
Proof: Can be easily proven by induction using Lemmaoint of view of the circuit complexity. We examined the
5 B  RCMG reversible design model which is very similar to the

A Dbetter lower bound can be achieved for the best ES@FXOR PLA and conclude that it is more cost effective. This
complexity ofexphard, function by saying that at every timemeans that in the worst case the RCMG model cost of a
we apply Lemma 5, the actual ESOP lower bound is actuallgversible realization of a function has the same cost as the
[3_@] (as a natural number, greater th%ﬂ), which brings best EXOR PLA result cost when the garbage of the RCMG

a larger bound into the next step. The final formula for thi®odel might not be optimal. But there are functions for which

observation will look like: RCMG model produces better results in practice (comparison
3 3 of synthesis results for the function rd53.pla in [1]) as well as
|M| > [”51 * 51 Kok 51 (6) theoretically: there is a class of functions which have a poly-

Table | summarizes the results for the functiamhard,,. nomial complexity for the RCMG model and exponential for
First column,n, shows the number of inputs. Second columRXOR PLA. We do not consider any engineering technology,
is the number of gates for needed for the model RCME? the results in an actual implementations may differ.
to realize the function. Third column shows the complexit
for the non-reversible application of the RCMG model [5].
We used Exorcism-4 [9], [7] program to calculate the near This work was supported in part by a research grant from
minimal ESOP for thezphard, function. The results of this the Natural Sciences and Engineering Research Council of
program are summarized in thé” column. Note, that this Canada.
column supports the conjecture. The fifth column shows the
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