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But now | am six[ty], I'm as clever as clever, So | think I'll be six[ty]
now for ever and ever — A.A. Milne



Symmetric Integer Linear Programs

Invertible matrix g € GL,(Z) is a
(formulation) symmetry for ILP

max{ (y,x) | x € PNZ"}

if Vx € P,

gx € P and (v,gx) = (7,x)



Symmetric Integer Linear Programs

208 of the 361 MIPLIB in-
stances have a non-trivial sym-

metry group. (Rehn 2014)



Core points

G < GLA(Z)
Gz={gz|ge G}

Definition
z € 7" is called a core point for
G if (conv Gz) N Z" = Gz.

((1,2,3)) acting on {x | 17x =2}




Core points
((1,2,3)) acting on {x | 17x = 2}

G < GLA(Z)
Gz={gz|ge G}

Definition
z € 7" is called a core point for
G if (conv Gz) N Z" = Gz.

Lemma

If G-symmetric convex set K
contains an integer point, K
contains a core point.



Core points for cyclic groups
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(1+a,b,—a,—b) € Z* is a core

point for Cy.



Outer approximations of core points

Goal Find “useful” f s.t. f(c) < 0 for all core points c.

Example If G has exactly two invariant subspaces, core point
c € R" with 17¢c = k

dist(c, Fix(G)) < (n—1)\/k(n—k)/n. (Rehn)

where
Fixg(G) := {x e R" | gx = x,Vg € G}



“Approximately core” points

» For all core points ¢, Vz € Z" N (aff Ge \ Gc), z ¢ conv Gc
A= (Go)'z#£0

» For E C Z"\ Gc, we say that c is E-core if E N conv Gc = ().

» If f(z) < O for all E-core points z then f(c) < 0 for all core
points c.



Orbits and circulant matrices

For ¢ € R”, Cir(c) is the n x n circulant
matrix with column k equal o*(c)

Cir(c) =

(o)) Ch—1 (@)
5] G Cp-1
1 Co
Cph—2
Ch—1 Cp—2 -+ O

(2,1,-1)

1.0

=(002) W '(0,2,0)

z = Cir(c)A
A = Cir(c) 'z




Eigenvectors of circulant matrices

Cir(c)y™ = tmy™ (eigen)
wy =1 (unity)

2mi

W, =en

m __ —1/2 —mk
Yk =n /Wn

¢m - <ym7C>

i.e. For any ¢, same y™.




Determinants of circulant matrices

_ {(Vm, c) me{0,n/2}

len,(c) otherwise

where



Inverses of circulant matrices

Theorem X
Let ¢ € Z", rank Cir(c) = n; then Cir(c)~! = Cir(T(c)) where

) rc }>1 +To(c)]
T, 1) +T,1(c)

where

[(n—1)/2]
_ (0*(Vin), ©)
T(c)=2 > Vo 2t (U o +((n+1) mod 2) V.

m=1




Branching on singularity

Reformulate singular case using
binary r,

det(Cir(x)) =[] ‘m(x)=0

0<m<[(n—1)/2]

To enforce nonsingular case, we

—Mr., < {.(x) < Mr :
m < Lm(x) < Mrp, need constraints

5]

1< (1—rm) m(c)] >0 1< m< [n%l-‘
n=0




Transitive case: searching layer by layer

The kth-layer is
layer(n, k) :={z€ Z" | (z,1) = k}

If G acts by permuting coordinates:

1
% € Fixg(G) N layer(n, j)

1&yy’(

E

i

=

5
R layer kn
baryceﬂtél layer l—n




Constraints for the non-singular case

Lemma
Given c, z € layer(n, k) such that

det Cir(c) # 0.

zg convGe< (T(c),z+pl) <0

(Hints: z € aff Gc, relabelling,
(T(c),1) =0)




Algorithm for first k-variables active

OPT(...) := opt. solution for IP and ..., or —c0

Set f* to OPT(det Cir(x) = 0).
fori=1...kdo

M=% =i (mod k)

Choose E' = {Z4,..., 2"} € {0, +1, £2}m*n,
forj=1,....,m;do

t f* < max{f*,OPT ([, x = 2/ + pl)}.

F* + max{f*, OPT (I, conv Gx N E' = ()}

return *



Hard examples for branch and bound

» Symmetric lattice free polytopes (infeasible IPs) from

» compute simplex Gc for core point ¢
» cut off vertices

» all take more than 1h to be solved in Gurobi 8.1, CPLEX 12.10
and GLPK 4.6 on an Intel Core-i5, 1.4 GHz and 8 GB RAM

» same machine, Knitro

Name GAP Id Longest cycle Dimension Time (s)

PL  (51) 5 5 3.1
P2 (152) 5 15 17
P3  (212) 7 21 15
P4 (451) 8 45 335



Conclusions and future work

Conclusions
» Initial results on small synthetic problems look promising
» Same techniques can be extended for products of cyclic groups

Future Work

» Rewrite using “less black box" solvers for better
reproducibility, extensibility

» More practical problems (hopefully) in progress

» Generalization to other groups needs “nice” inverse of orbit
matrix.

» Informed convexification/linearization



	Core points
	Circulant Matrices
	Algorithm

